Portfolio Theory

Chapter 1: Portfolio Theory
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Portfolio Theory: Settings

@ We consider n assets over a single period of time [t, ¢ + 1]

@ For the i-th asset (i € {1,...,n}), denote:
@ P,(t) = Price of asset i at time ¢
_ _ Pi(t+1) Pi(t+1)
o R; = Return or log-return = P 1 or log 10)
@ By log(1l + x) = z, we have log Pp(:g)l) R~ P},(t(t)l) -1

e u; = E(R;) = Expected return
e o2 = Var(R;) = Variance of return (a measure of risk)
e 0;; = Cov(R;, R;) = Covariance of returns of assets i and j

@ Goal:

e Assign weights w = (w1, ..., w, )T on the assets to minimize
portfolio risk for a given target of expected return p,:

n n n
ur}g}iRgL Var <Z; wiRi> subjectto F (Z; wiRi> =l and Z;wi =1
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Risk Minimization

n n n
MVP: min Var (Z wiRi> subjectto E (Z wiRZ) — . and Zwi -1
i=1 i=1

i=1

Using the Lagrange multiplier method, we have to solve
min w’ Yw — 22X\, (whp — ) — 20 (w1 - 1),
weR”™

@ w=(wi,...,w,)T (portfolio weights)
@ pu=(u1,.., ,un)T (expected assets returns)
@ ¥ = (Cov(Ri, Rj))1<ij<n = (0ij)1<s,j<n (covariance of assets returns)
@ Var (E?:l wiRi) = Cov (ZZL:1 wiRi, Z?:l ’ijj) = Zj:l WiW;045 = ’UITE’U)
QF (Z;’;l ’LU»LRZ) = Z?:l ’le(Rl) = Z?:l Wiy = ’U)T/l.
o Z?:l w; = ‘le
Remarks:
@ The constant 2 at the Lagrange multipliers is added to simplify calcuations
@ Equivalent to minwerr 3w’ Sw — Ay (w”p — pa) — A (w1 - 1),

@ Maximizing 3w’ Yw and w” Sw are the same
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Portfolio Theory

Markowitz Portfolio Theory

A good portfolio is more than a long
list of good stocks and bonds. Itis a
balanced whole, providing the
investor with protections and
opportunities with respect to a wide
range of contingencies.

— Harry Mafe;’fwdg —

AZ QUOTES

Harry Markowitz (1927~2023): Nobel Economics 1990
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0 Portfolio Theory
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Minimum Variance Portfolio

Definition 1 (Minimum Variance Portfolio (MVP))

@ If asset return has expectation p € R™ and covariance ¥ € R"*",
@ the Minimum Variance Portfolio (MVP) is an optimal portfolio that
o allocate weights w. = (w.1, ..., w.,) On the n assets

o satisfies w, = arg min,, w” Xw subject to w” u = p, and w’1 = 1

Theorem 1 (The Minimum Variance Portfolio Composition)
If X is invertible, then the solution of MVP is
@ w,(ps) = AN enZp— e, 27 i + A (e, BT — 0, 27 ),
@ ¢ =121
0 ¢, =1"2'p=p"s"11
° cuu=p"E"p
@ A=cucuu — c%u

@ If risk-free asset is present, then covariance matrix 8 g is not invertible.

@ X is not invertible = some asset is a linear combination of other assets
= can remove redundant assets
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Minimum Variance Portfolio

Thm 1: ming,egn Var (Z;;l wiRi) subjectto E (Z?zl wiR,-) = & Z:;l w; =1
MVP: w.(ps) = A7 en1E 7 — e1, 87 1) e + A7 (euu 711 — 1,87 1)
@ c i1 =1"%""1, ¢, =1"S7""p, cuu=p"S'p, A=cricyu—ci,

Lagrangian: L(w, A, A1) = w ' Sw — 22X, (wh 'y — pe) — 220 (w1 — 1)

T T
@ Recall 2= =¢, 2242 = ATz 4 Az,and =7 = ¥

oL
B = 2(Zw — Aup — M11) =0 (1)
L
— = @wTu—pu)=o0 2
o (w' e — i) @
oL
— = wfi-—1=0 &
oW (w ) (3)

@ Solving the system of equations:
p,TE_l x (1) : /.LTw — )\M.LTE_I;J, - Alp,TE_ll g s — CupAp — CipA1 =0
12 x (1) : 1"w- 21" - 01"2 "1 %1 e, —end =0
= Ap = (pxc11 —c1p) /A, A= (cup — crup+)/A, where A = cppc11 — C%u
@ Sub A1, A\, backto (1) = w= A2 'p+ME"11 = w.
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MVP Example

MVP:  w.(ps) = A7 en1E 7 — e1, 87 ) e + A7 (epu 271 — 1,87 1)
@ 1 =1"S""1, 1, =1"S""p, cuu=p"S"'p, A=cricyu—ci,

Example 1

Find the optimal portfolio for . = 1.5%, given assets characteristics below:
2% 0.25% 0.10% 0.075% 533.33  —333.33

pu=| 1% |, == | 010% 0.16% 0.12% |,=-!= | —333.33 1041.67
1.5% 0.075% 0.12% 0.36% 0 —277.78

@ =11 = (200,430.5556,92.5926)T; S~1lu = (7.3333,-0.4167,2.7778)T
@ 11 = 200 + 430.5556 + 92.5926 = 723.1481

@ ¢y, = 7.3333 — 0.4167 + 2.7778 = 9.6944

@ . = (2%)(7.3333) + (1%)(—0.4167) + (1.5%)(2.7778) = 0.1842

@ A = (723.1481)(0.1842) — (9.6944)2 = 39.1975

7.33 200 200
@ w. = 723 042 | —9.69 431 | | 1.5% + & [0.18 | 431 | —9.69
2.78 92.6 92.6

(41.34%, 41.34%,17.32%) T

Q@ o= +/wlTw, ~ 3.78%
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Efficient Frontier

MVP:  w.(us) = A7 (ennZ 7w — e, 7 ) e + A7 (epn 271 — 1,27 )
@ i1 =177, ¢, =172y, cup =pu"S7'u, A=ciicy, —¢;

o

@ For atarget return .., the optimal weight w.. = w. (u.) has a variance

o2 (1) = wi Yw,

@ The curve (o (), px) W.I.t. . is the minimum variance set (MVS).
@ The efficient frontier is the upper part of the curve (o, (), tt+)

Theorem 2 (Geometry of the Minimum Variance Set)

The MVS is a hyperbola: o2%(u.) = A7 (e11p2 — 2¢1ptn + Cup)

n
Feasible
region

"

Min. variance

portfoli

set

1

Efficient

frcy
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Efficient Frontier

‘ Theorem 2: o2 () = wlYw. = A7 (cip? — 2¢1ppis + Cup) ‘

@ Recall

°

° )‘u = (M*Cll - Clu)/A
o\ = (Cuu - Cluﬂ*)/A
o A=cyci1 — c%ﬂ

@ Find o2
wl x (1):wltw, = /\Hw:{u + Mwl1
@G -
= 03 = A1 ((pxc11 — Crp)pie + (Cup — Crupis))

AN p? — 2c1ppt + )
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Efficient Frontier

@ MVP: w.(us) = A (et ' —c1, 3 D + A7 epu B — 1,27 )
@ Theorem 2: o2(p.) = A7 (e11 a2 — 2¢1 e + Cupt)

@ c i =1"%""1, 1, =1"S""p, cuu=p"S'p, A=cuicy—ci,

Corollary 2 (Overall Minimal Variance Portfolio (OMVP))

If the asset return has expectation u € R™ and covariance ¥ € R"*",
then the portfolio that achieves the minimal risk is given by
Wminvar = 271]-/011

@ From Theorem 2, the minimum portfolio variance for a fixed return p.. is

v

o2(i) = ATNewp — 2e1upix + Cup)
— c 2 c?
= A7 [orn (e — 22)" + 0 — 22 ]

@ As 02(u.) is minimum (equals o3, := 1/c11) When . = fminvar := c1./ci1,
Wminvar = Wk (Cl“) = Afl(cnzflp, — 01“2711)01—” + A’l(cwz’ll — Cluzilll,

Cc11 €11

= A_l (CHM—Clu—lﬁ)E_ll :2_11/011

c
Cc11
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Efficient Frontier

@ Theorem 2: Uf(,u*) = Afl(cu;ﬁ — 2¢C1p s + Cup)s
@ wminvar = 271]-/(311

o Hminvar = ZIT‘:’ Ur%.in = Uz(,uminvar) = Ail(c%p‘/cll - QC%M/CH + C[J,[.L) =

_ 2
A= cricuy — ciy

c11

o

Clp

ver e/
MVS

Recall Example 1:

c11 = 723.1481, c1,, = 9.6944, ¢,y = 0.1842, A = 39.1975, 11 = (200, 430.5556, 92.5926) T
MVS : 02 (1x) = 18.44881% — 0.4947 1. + 0.004698

= Winvar = (0.2766,0.5954,0.1280)7, fiminvar = 1.3406%, 02, = 0.1383%, omin = 3.72%
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0 Portfolio Theory

@ Risky and Risk-free Assets
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Portfolio including Risk-free and Risky Assets

Minimum Variance Portfolio (MVP) is an optimal portfolio that satisfies

@ w. = argmin,, w” Zw subject to w” u = p. and w’1 =1

@ If X! exists, then
wo () = A enZ = e, BT ) + AT (BT — e, B )

When a risk-free asset (e.g. U.S. Tresury Bill) with return Ry is included,
@ Expected return = E(Ry) = r = Risk-free rate

@ Risk = Variance of return = Var(Ry) =0
@ Covariance Cov(Ry, R;) =0foralli=1,...,n
@ The covariance matrix of (R, R1, ..., R,) is defined as
= 0 oF
(%)
where X = (Cov(R;, Rj))1<j<n = (045)1<j<n

@ As X! does not exist, we need to modify the derivation of w,
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Portfolio including Risk-free and Risky Assets

Theorem 3 (The MVP composition with Risk-free Assets)

@ [f asset return has expectation p = (;) € R™"*! and covariance

= _ (0 0T (n+1)x (n+1)
- (3 %) crvmon,

with ¥~ exists,
@ then the Minimum Variance Portfolio (MVP) w, € R™*! for a target
return p. is given by

W, = argminw’>w subjectto w p=p. and w'l=1
w
= (wT*a w:{)T 1)
where

° wry = (p—pl)'B T (p—-r1)y > €R
o w,= (. —1)E 1 (p—rl)y 2R
o V2= (p—r1)TS"Ypu—rl) =cu, — 2rei, +1r2cnn
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Portfolio including Risk-free and Risky Assets

Thm 3: MVP:  w, = argmin;ETiﬂ) subjectto w fi = p. and w' 1 = 1.

—1 -1
o T\T _ cup=(rtpcrptrpuscin _ (pa—) (BT p—rETN)
= Wy = (Wrx,wy )", Where wy = oy —2retrTers LWy =

@ ¢ = sz_ll, Cly = sz_ll_l., Cup :yTE—l,u,

c“u727‘clu+r2¢11
if =1 exists.

@ Letw' = (w,wi,...,wn) = (w,,w")

@ Caution: w” Yw = w” Xw does not contain w,

@ Lagrangian: L(w, Ay, A1) = w” Sw — 20, (@ i — pe) — 20 (w1 — 1)
9L /0w, 9L ow aL/ox, 9L/
2(~Aur — A1) | 28w — A — A1) | 2@ fp—p) | -2 1—1)
@ Setting derivatives = 0 gives the system of equations:
) 8L /owr @) oL /ow (3) OL/ox, @) 9L/
Ar+ M0 =0 | w=X2"Tp+ %1 [ wrt+wlp=p, [ w+wll=1

(3) (1)
p x (2 = g —rwr = ducuu + ey = Ap(eup — cpr)
4 1
17 x @ 21— w = Agern + Arenn 2 Aulery — e11r)

o fow—T _ cup—(r+ps)eiptrusciy (=) (T tp—rs11)
= )\p = s Wrx = ) ; Wik =
cup—2reiy,triécin cup—2reiytroécin

RMSC 4003 (CUHK)
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Portfolio Including Risk-free and Risky Assets

MVP: w, = arg min~ w' Sw subjectto w p=p. and w1 = 1.
(s —r) (S p—rs—11)
c“u727‘clu+r2¢11

cup—(r+ps)cipyt+rusciy
Cup 72TC]M+’!‘2811

s Wsx =

= w, = (wrs,w?)T, where wy, =

@ 11 =178711, ¢1, =178y, cup =pT= 1y, if 71 exists.

Example 3
Find the optimal portfolio for p. = 1.5%, given » = 0.1% & assets characteristics of:
2% 0.25% 0.10% 0.075% 533.33  —333.33 0
p=| 1% |, 2= 010% 016% 0.12% |,="'~ [ —333.33 1041.67 —277.78
1.5% 0.075% 0.12% 0.36% 0 —277.78  370.37
@ =11 = (200,430.5556,92.5926)7; S~1lp = (7.3333, —0.4167,2.7778)"
@ i1 = 200 + 430.5556 + 92.5926 = 723.1481
@ ¢, = 7.3333 — 0.4167 + 2.7778 = 9.6944
@ .. = (2%)(7.3333) + (1%)(—0.4167) + (1.5%)(2.7778) = 0.1842
@ 2 =cu, —2rc1y + 1211 = (0.1842) — 2(0.1%)(9.6944) + (0.1%)2(723.1481) = 0.1655
@ wy. = [0.1842 — (0.1% + 1.5%)(9.6944) + (0.1%)(1.5%)(723.1481)]/0.1655 = 24.11%
7.3333 200 _
@ w, ~ LBAZ0A% || 04167 | —0.1% | 430.556 | | = w. ~ (24%, 60%, —7%, 23%)”
2.7778 92.5926

RMSC 4003 (CUHK) Ch1: Portfolio Theory



Efficient Frontier, Portfolios of Risk-free & Risky Assets

MVP: w, = arg min~ w' Sw subjectto w p=p. and w1 = 1.

cup—(r+ps)cipy+rusciy w. — (s —7) (S~ p—rs—11)
c“,,l,—27‘c1H+7‘2611 » X ch—2'rc1H+r2¢:11

@ 11 =178711, ¢1, =178y, cup =pT= 1y, if T exists.

= w, = (wrs,w?)T, where wy, =

Theorem 4 (Efficient Frontier with Risk-free Assets )

For portfolios with risk-free and risky assets, lety? = (u — r1)TS 1 (u — 1),
@ The MVS is a pair of straight lines . = +vyo, +r
@ The efficient frontier is the line e = |ylow + 7
Note that: w, = (u.—7)2 " (uw—7r1)y2
Recall: o2 = w, Sw, =w."Sw,
= 0l = (p 1)y (p-r)TBTIED T (u - 1)
= (ps — T)Q'Y_Q
= Uy = Eyo.+r
.. MVS is 2 lines. The upper part, u. = |y|o. + r, is the efficient frontier. L]

v

Remark: The OMVP is the risk free asset (o, u+) = (0, 7).

RMSC 4003 (CUHK) Ch1: Portfolio Theory 19/49



Efficient Frontier Including Risk-free and Risky Assets

Efficient frontier:  p« = |vy|o« + r, where
@ |yl= \/Cuu —2rc1y +r2e11, a1 =1T871, ¢, =178y, cup =pTS"1p

Example 4
Find the efficient frontier, given » = 0.1% & assets characteristics of:
2% 0.25% 0.10% 0.075% 533.33  —333.33 0
p=| 1% |, == 010% 016% 0.12% |, ="'~ | —333.33 1041.67 —277.78
1.5% 0.075% 0.12% 0.36% 0 —277.78  370.37

@ Recall: c¢1; = 723.1481, ¢1, = 9.6944, c,,, = 0.1842, 42 = 0.1655 = || = 0.4068
@ Efficient frontier: p« = 0.40680% + 0.1%

I3

(5%,2%)

o (6%,1.5%)
(4%,1%)
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e Tangency Portfolio
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Tangency Portfolio, Introduction

o (6%,1.5%)
(4%,1%)

@ Black: Efficient frontier computed from (u, %)

0 02 =AY e1p? = 2c1p + Cpp)

@ Blue: Efficient frontier computed from (ﬁ,i) = (<T> , (g g))

o ix=lylow+r
@ Do the lines cross, touch, or miss each other?
@ Ans: They touch at w,. = 0; o.w. contradict optimality of a frontier
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Tangency Portfolio

MVP: w, = arg min~ w' Sw subjectto w p=p. and w1 = 1.

( ) CM;L_(T'+H*)Clu+TH*Cll (b) (H**T)(E p—rE" 1)
P s Wk z
cup—2rey,+rici cup—2re1y+raci

= ws = (wrs,w?)T, where wi«

if 21 exists.

@ ¢ = lTE_ll, Cly = sz_lp,, Cup :;I,TE_I,U,,
Theorem 5 (Tangency Portfolio)
The two efficient frontiers touch at the tangency portfolio M :

—il
(p—rl) _ Cup—Tciu _ [yl
Wy = (cluf'rcn)’ Ky = @il =i@ni ? and oM = cip—rein

@ Tangency portfolio M corresponds to w, = 0 (zero weighting for the risk-free asset):

@Q Putw,=0in(a): py = %
Q Subuyinto (b):  wy = %
© Variance: 02, = wlTwy = ¥ (Tcll):icllil;z ) = (c1ujjc11)2 :
where ~? = (- rl)TE*I(u —rl) = cpy — 2re1y + r2cqq
= oM = Cl“‘f#ql
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Tangency Portfolio

@ (Th.2) Frontier of risky assets only: Lo : 02 (us) = A7 (c1142 — 2c1pps + cup)
@ (Th.4) Frontier of risk-free and risky assets: L4 : usx = |y|ox +r

@ 11 =172, ¢1, =172y, cpp =pTS tp, A=cricuy — cf#,

Q@ 2 =¢,, —2rc r2c oy = —2L = SppTu
v s lut e, oM GCip—ciir) MM = of =en

Example 5 (Gradient at M)
Show that the slopes of both frontiers L, and L, are equal at M.

Proof.
@ Gradient for Ly at M (the point (oas, ar)):
20*3;;* = A '(2c11p« — 2¢1,) (Differentiate both sides of L)
dos L cleun = re)/el, = nein) = e
= — =
dpp [x bt Alv|/(e1p — reir)
_ c11(cup —rew) — cru(ery —renn) _ i
Ivl1A |7l

@ Gradient for the straight line L, is always jﬁ = ‘,Yi‘
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e Fund Theorems
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Two-fund Theorem

@ MVP: w.(p) = A e 'y — e, 7 D) pe + A7 ey 27 — 1,27 )

@ The optimal portfolio w = w. (p1.) satisfies w”p = . and w’l=1

Theorem 6 (Two-fund Theorem)
Any two portfolios from the efficient frontier can reproduce the whole frontier.

Proof.

@ Consider any 2 portfolios on the efficient frontier corresponding to p« = e and s,
wi(pe) = A NennZ7lp-— cmE’ll);La +A71(CMH2711 —cmzflu)
wi(y) = A2 lp—c1,B ) + AT (epy BT — 0, 27 )

@ For any fi > 0, obtain a portfolio @ = awx (1a) + (1 — a)w«(115) With @ mean return fi:

o Solve i = apet+(Q—a)upfora = a= ‘Z_ifﬁ’b
@ Define @ = ocw.(pa)+ (1 — a)ws(u)

A71(0112:71111 - Cluzill)(a,“‘a aF (1 - (‘Y).u'b)
+A N cupET11 — 1,27 1p)
= A e Z 7 — e, BT+ A7 epy 271 — 01,57 1)

@ Note that w is a portfolio on the efficient frontier since w = w. (iz)
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MVP:  w. = (wrw,wD)T, wps =
cip—Tre1l

== (p—rl) _
(c1p—reir)’ MM =

One-fund Theorem
T Cup—(rtps)ciy+rusciy w. — (e —r)(E7 ' p—r211)
T cup—2rcip+ricin W T T —2rer et
@ 2 =cuy —2rcip+7%c11, 11 =1T271, ¢, =172y, ¢y =pTS 1p
Cpup—rel _ [v]
oy Loy = e

@ M is the tangency portfolio: w); =

where  w)y
cup—(r+R)c1p+ricia
p)

@ For any fi, obtain a portfolio w. = (E) = (0> +(1—a) (
ar+ (1 —o)py fora = a=

@ sove &
w (1-aywy = [(2— )= (p —r1)]/7*

@ Define

@ Note thatw, = (E)
w

Ch1: Portfolio Theory

RMSC 4003 (CUHK)

Theorem 7 (One-fund Theorem)
The risk-free asset & risky fund M can reproduce the entire efficient frontier.
@ Consider portfolios (1,07)T and (0,wZ,)T on the frontier corresponding to u. = r & jua7,
= —r1)/(c1p —renn)
! 0 ) with a mean return j:
W

is a portfolio on the efficient frontier since a = wy« (1) & W = w« (1)
[
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e No-short-sell Constraints
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Non-negativity Constraints on Holdings

‘ Want:  mingcp» w’Sw subjectto w’p = p, andw’1 =1 ‘

Definition 2 (Short Selling)

Short selling, or shorting, involves selling borrowed asset(s), which is/are
later purchased back and returned.

@ w; < 0 involves short selling asset ¢

@ Non-negativity constraints (forbidding short selling): w > 0 (w; > 0, Vi)

Definition 3 (Minimum Variance Portfolio (MVP) w/o Shorting)
@ If asset return has expectation 4 € R™ and covariance ¥ € R™"*",

@ the Minimum Variance Portfolio (MVP) w.o. shorting is a portfolio that
o allocate weights w, = (w1, ..., ws.,) on the n assets

o satisfies w, = arg min,, w” Yw subject to w''y = p., w71 =1, & w > 0.

@ There is no explicit solution. Quadratic programming (QP) may be used.
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Remark: Non-negativity Constraints on Holdings

\

Non-negativity constraints affect the optimization objective function.
The two curves are the frontiers (with and without) the constraints
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Non-negativity Constraints on Holdings

‘ w, = argmin, w’ Yw subjectto wlp=p,, wil=1, & w>0.

@ solve.QP in R seeks arg min, (—d”b + 0.5b7 Db), sub. to ATb > by, with
k constraints, where b,d € R**!, D € R**", A € R"** b, € RF¥1,

o Syntax: solve.QP (Dmat, dvec, Amat, bvec, meg=0, ...)
@ the first(rest) meg constraints are treated as equality(inequality) constraints.
@ Implementing solve.QP to MVP w.o. shorting:

e D=3 d=0,x1, b=w, bo=(1ts,1,015,)7, k=n+2

w11 0 ... 0 “1
w2 1 0 1 ... 0 0

L A:(unxlyl’nleI’an): . . . . . ) b():
e 1 0 0 ... 1 0

@ meg=2

https://search.r-project.org/CRAN/refmans/quadprog/html/solve.QP.html
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R Example: Non-negativity Constraints on Holdings

Example 6
2% 0.25% 0.10% 0.075%
Given assets characteristics: p=| 1% |, =1 010% 0.16% 0.12% |,
1.5% 0.075% 0.12% 0.36%

Find the efficient frontier of risky assets with non-negativity constraint.

Notes on variable names: M= p, Cc= Cov matrix ; (Upper)lower case for (non-)scalar

Example 6 (A) Data setup)

rm(list=1s (all=TRUE)) # clear existing objects in R
n <- 3 # Number of assets =3
M <- ¢(2,1,1.5)/100 # Return vector mu
C <- matrix(c(0.25,0.1,0.075, 0.1,0.16,0.12, 0.075,0.12,0.36)/100,3,3)
C # Display Covariance matrix
[,1] [,2] [,3]
[1,] 0.00250 0.0010 0.00075
[2,] 0.00100 0.0016 0.00120
[3,] 0.00075 0.0012 0.00360
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R Example: Non-negativity Constraints on Holdings

@ w, = argmin, wSw subjectto wip=p., wil=1 & w>0.

o Rsyntax: solve.QP (Dmat, dvec, Amat, bvec, meg=0, ...)

@ Solves: argmin, (—d”'b + 0.5 Db), sub. to ATb > by

@D=3%, d=0,x1, b=w, bo=(us,1,00xn)", A= (lnx1,1nx1,Inxn)

Notes: v0=0; suffix 0 for > 0 constraint: M_mvs0= p«, S_mvs0= 04, mO= s, WO= wy

Example 6 (B) Non-negativity Constraints)

library (quadprog)

ni <- 20 # Number of intervals (for plotting)

V1l <- matrix(l,n,1l) # Vector of ones; n rows, 1 column

VO <- matrix(0,n,1l) # Vector of zeros; n rows, 1 column

M mvsO <- min(M)+(0:ni)/ni » (max (M) -min(M)) # Vector of u«’s
S_mvs0 <- matrix(0,ni+1l,1) # for storing o«

Amat <- cbind(M,V1,diag(n))
for (1 in c(1l:(ni+l))) { # Solve MVP for each pu«
mO0 <— M_mvsO[i]
b0 <- matrix(c(m0,1,V0),n+2,1)
p <- solve.QP(C, V0O, Amat, b0, 2)
WO <- pS$solution
S_mvsO0[i] <- sgrt (t (WO0) %*% C %x% WO)# compute o«

0010 0012 0014 0016 0018 0020

}
plot (S_mvsO, M mvs0, type="1l",col="blue", lwd=2) S_msd
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e Estimation of Parameters
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Estimation of Parameters

MVP:  w. (i) = A7 (etnZ ' — 1, B 7 ) e + A7 (epn 271 — 1,27 )
@ ;i =177, ¢, =172y, cup =pu"S7 'y, A=ciicy, —¢;
@ p=(p1,espin)’, T =(Cov(Ri, Ry))i<j<n = (0i)15<n

@ Applying Markovwitz portfolio theory requires parameters p & X

nw

@ Estimation of M= (ul, e ,,un) &Y = (Uij)lgi,jgn:
7 for T time periods

@ fi=7 Ri
A T ~ ~
© Gij = 707 2oy (Rie — fui) (Rje — fij)
© Estimation can be highly inaccurate when n is large.
o Number of parameters in ¥ is n(n 4+ 1)/2 (not n? since o;; = 0;:)
@ Recent advances for portfolio theory involve shrinkage estimation

and random matrix theory
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Blur of History

Question: Can estimation be improved by a higher sampling frequency?
@ Want: u; = E(Ri:) where R;; = log Pi“ifl) (focus in mean for simplicity)

@ High frequency observations: R;:, = log % whereg=1,...,m
[ q m

Ry = logﬁ PP(t+q/m) Z log t+q/m) zm: Ritq~

i(t+(a—1)/m) ® Picrta-n/m) g

e Empirical evidence suggests that returns from different periods are
uncorrelated: Cov(R;q, Risr) =0ifnott=s&q=r.

o Let fi; = E(Ry,), we have y; = E (ZZ; . Ritq) = mji;

o Let4? = Var(Ryy,), we have o? = Var (ZZ; Ritq> = mé?
@ Estimation using { Rit; i1, nit=1,.. . Tije1...,m

° i 7me Zt IZq | Ritg
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Blur of History

Question: Can estimation be improved by a higher sampling frequency?

@ Want: u; = E(R;:), where R;; = log 1““)

@ High frequency observation: Riz, = log =—0+2/™) _ \where g = 1,...,m
g q y itq gP—L(H»(q O/m ) q ) )
° Hi = E (Z;ﬂzl thq) = mp;
-] O'iz *m&?
~ T
° hi=F, };“
Ak 1 m 5
© [ =M ) ey Qg1 it

Answer: No benefit

@ fiy:
° =T Zt y E(Rit) :2
° Var(ui) = LVar(Riyt) = 7+
@ i
° B(py) = % Zthl 22;1 E(Ritq) =mfli = i
o Var(i}) = TgVar(Rug) = 205 = 5
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Blur of History

P, ~ P. ~
. i(t+1) R i(t+q/m) o m .
L th - 10g Py R'Ltq lOg Pz‘(t+(q—1)/m) 3 th } q=1 thq

@ u;=E(Rit) =mE (Ritq) = mifl;

=2
7

Definition 4

Consider a random variable Y with E(Y') = uy and Var(Y) = oy
The coefficient of variation (CV) of Y is the ratio of its SD to its mean:

2

cv(y)=Z
y
CV is better than oy since it is unitless and it measures the relative error. )
Let R; and Rﬁm) be the yearly and %-yearly returns of asset . Find their CV.

® CV(R,) = YuE) _ o

- ERy)
~ \/Var(f%(.m>) = A /o‘?/m )
0 CV(REm)) = E(R—(ml)) = %’i‘ = W = \/ﬁ% = \/FZCV(Ri)

@ The variability (in terms of CV) increases when the returns is measured in a shorter period.
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Blur of History

Piiy1)
Py

@ R;; =log
@ u; = E(Rip), 01.2 = Var (R;¢)
N T
® “i:%zt y Rt
® B(f) _TZt 1 E(Rit) = i
_ff?
- T

@ Var(i;) = TVar(Rit)
oy

@ Coefficient of variation: CV(Y) e

Example 8

If u; = 0.12 and o; = 0.15. Find the number of years T" such that CV (ji;) < 0.1.
AN _ MVar(a) _ oy/VT _ 015 _ 1.25

® CVip:) = E(f:) mi 012VT VT

1.25
() t2 <01 = T>15625
@ It is difficult to measure mean return p with a high accuracy using historical data

39/49
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@ Real Data Application
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R Example: Building the efficient f

Example 9

@ Find the returns of 20 selected HK shares
@ Build MVS for a) risky assets, b) with risk-free assets

© Find the tangency portfolio
Example 9 (A) Download data)

library ("tseries")
library ("quantmod") # bug fix for tseries

# A.1l) Initialize download parameters

IDs <- matrix(c("1038", "1093", "2688", "00O2", "OOO3", "1398", "1109",
"2628", ll0017"’ ||O386", "1044“’ "0669", "0012", ll2319"’ ||0267", "0883“’
"0992", "2331", "0101", "0027"))

n <- length(IDs) # Number of Stocks is 20

do="2017-07-01"; d1="2022-07-01"; Q="Ad]jClose" # Parameters

Data <- matrix(0,5%12+1,n) # Get (5+1/12)Yr prices to store 5Yr returns

# A.2) Download

for (i in c(1l:n)) {
Sec <- pasteO(IDs[i],".HK") # pastel gives no separation
Datal[,1] <- get.hist.quote(Sec,d0,dl,Q,compression="m")# m:monthly

4
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R Example: Building the efficient frontier

Notes on variable names: R= R = (ry;) = R; inperiod ¢, M=pu, S=o, C= CovmatrixX

Example 9 (B) Data preparation)

# B.1l) Calculate returns from closing prices

nP <- dim(Data) [1] # Number of Prices (rows) is 61

R <- diff (as.matrix (Data))/as.matrix (Data[-nP,]) # Compute returns
R # Check

[,1] [,2] [,3]
[1,] -0.026767044 0.003283976 -0.050895349
[2,] -0.043092330 0.070376403 0.124131112
[3,] 0.010416865 0.036697281 0.010600703

H= S H

# B.2) Calculate market data statistics:

nR <- dim(R) [1] # Number of Returns (rows) is 60 8-
M <- apply(R,2,mean) # Average by column Y
C <= cov (R) # Cov matrix of securities -

S <- sgrt(diag(C)) # Vector of sigmas LN
slim <= c¢(0,0.16); mlim <- ¢(-0.01,0.07) #Plot’s range g.
plot (S, M, xlim=slim, ylim=mlim)# Plot 20 stocks (o,u)

000 005 010 015
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R Example: Building the efficient frontier

@ MVS:  oZ(ps) = A e p? — 2c1upbs + Cup);  Wminvar = 211 /en
@ ;1 =1"S""1, 1, =1"S""py, cu=p"S'p, A=cricyu—ci,

M=pu, S=o0, C=X, Vi=1l d=A, m= lUmivar = Cip/C11, M_MVS= s, S_MVS= 04

Example 9 (C) Build the theoretical efficient frontier)

# C.1) Calculates the parameters and constants of the frontier
CInv <- solve(C) # Inverse of cov matrix

V]l <- matrix(l,n,1l) # A nx1 vector of 1’'s

cll <- as.numeric(t (V1) %x% CInv %*% V1) # make it a scalar

clm <- as.numeric(t (V1) %x% CInv %*% M)

cmm <- as.numeric(t (M) %x% CInv %*% M)

d <= cll » cmm - clm”2

m <- clm/cll # Upminvar from overall min variance portfolio

c(cll, clm, cmm, d, m*100)

# [1] 1293.4981737 10.5175150 0.4894047 522.4260150 0.8131084
# C.2) Set mus and find MVPs on the MVS

M mvs <- seq(0.001,0.07,length.out=50) # Set vector of pu«

S_mvs <- sqgrt((cll * Mmvs"2 - 2 x clm » M mvs + cmm)/d)

M_ef <- M_mvs[M mvs>=m]; S_ef <- S_mvs[M _mvs>=m] # Frontier = //

lines (S_mvs, M_mvs) # Draw min variance set i
lines (S_ef, M_ef, col="red",lwd=2)# Draw efficient frontier ¢ /
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Non-negativity Constraints on Holdings

@ w, = argmin, wSw subjectto wip=p., wil=1 & w>0.

o Rsyntax: solve.QP (Dmat, dvec, Amat, bvec, meg=0, ...)

@ Solves: argmin, (—d”'b + 0.5 Db), sub. to ATb > by

@d=0,x1, b=w, D=3, byp= (ps,;1,01x0)T, A= (Bnx1,lnx1,Inxn)

Notes: v0=0; suffix 0 for > 0 constraint: M_mvs0= p«, S_mvs0= 04, mO= s, WO= wy

Example 9 (D) Vs MVS with Non-negativity Constraints)

library (quadprog)
ni <- 50 # Number of p grid-points on vertical axis
V0O <- matrix(0,n,1) # n by 1 column vector of zeros
M mvsO <- seq(min(M)+0.001,max(M)-0.001, length.out=ni) # Vector of pu«
S_mvs0 <- matrix(0,ni,1l) # For storing o«
Amat <- cbind(M,V1,diag(n))
for (i in 1l:ni) {
m <— M _mvsO0[i]
b0 <- matrix(c(m,1,V0),n+2,1) N
p <- solve.QP(C, V0O, Amat, b0, 2) g |
W <- p$solution # optimal weight
S_mvsO[i] <— sqgrt(t (W) %$x% C %$x% W) # O«
} :
lines (S_mvs0, M mvs0, col="blue", lwd=2) # Plot MVS ’ S
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Efficient Frontier Including Risk-free and Risky Assets

Efficient frontier:  p« = |y|ox + r, where
Q |y = \/CMN —2re1y +r2c11, cn =1T8711, ¢1, =178y, cpp =pTS 1y

Notes on variable naming: g=+v, mp= ps«, sp= o«
Example 9 (E) Draw frontier inc. risk-free & risky assets)
# E.1) Find gamma

r <- 0.02046/100 # risk-free rate
g <- sqgrt(cmm - 2 * r * clm + r 2 * cll) # gamma

# E.3) Plot efficient frontier
abline(r,g, col="red") # a line with intercept r and slope g

0.00 0.05 0.10 0.15
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_ =l (p—rl) Cpup=TCIp

[7]
= = n JE 10 4
(c1p—re11)’ 2 cip—rei1’ and o

Tangency portfolio M:  wj,

Notes on variable naming:  WM= w,,, mM= s, sM= o

Example 9 (F) Tangency portfolio)

# F.1) Find sigma and mu of tangency portfolio M

sM <- g / (clm - r % cll) # onm

mM <- (cmm - r * clm)/(clm — r % cll) # par

WM <— CInv %$x% (M — r * V1) / (clm - r * cll) # wy
points(sM, mM, pch=16, col="red") # Tangency portfolio point
c(sM, mM, sum(WM)) # Checking

# [1] 0.06793523 0.04752358 1.00000000

@ The tangency portfolio achieves (o, par) = (6.79%, 4.75%)

004 008

002

000
N

T T T T
0.00 0.05 0.10 015
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@ When only risky assets are investable,
@ (MVP Solution) If =1 exists, a target return p. can be obtained by the portfolio
Wy () = A7 Hen1 B g — 1,57 )y + A7 (epy 2711 — 1,27 1), where
c11 =1T871; ¢, =178 u=pT8"11; ¢y =pTS "y A=cricuu — c%u
@ (Efficient frontier) is hyperbola: o2 = A= (e11p2 — 2c1ppt4 + cup), With fs > fiminvar
@ (Two-fund theorem) Any two portfolios from the frontier can reproduce the whole frontier.
@ When both risky and risk-free assets are investable
@ (MVP Solution) If £~ exists, a targent return p.. is obtained by w. := (wy«, w?)T
Wre = (p— e D)TE T —r)y™2  and ws = (e — )2 —71)y"2, where
V2= @p-r)TS " (up—r1)
@ (Efficient frontier) is the line px = |y|ox +7; MVSis px = £y0x« +7; opmin =0

= (p—r1) Cpup=TClp

_ o
(c1p—re11)’ Ky = cip—reil

’ g =
cip—Treil

@ (Tangency portfolio) M has: wp; =
@ (One-fund theorem) The risk-free asset & risky fund M can reproduce the whole frontier.

@ Restriction on short-selling: w; > 0, Vi,
@ MVP: w, = argmin,, w” Yw subjectto w’p = p., wT1=1,&w >0
@ No explicit solution = Quadratic programming (QP) =- efficient frontier is different.
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