Arbitrage Pricing Theory (APT)

Chapter 3: Arbitrage Pricing Theory
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Introduction

\CAPM: fta = Balpinr —7) 4+, Where fa = ourt /0%, ta = E(Ra), puas = E(Rar) \

@ CAPM is an equilibrium model based on a single factor (u3; — 7).

@ Limitations of CAPM include:
@ Lack of explanatory power using a single factor.

@ Lack of economic content (ignored GDP, inflation, etc...)

© Relies on mean-variance theory in terms of tangency portfolio M.
© Considers only the equilibrium condition of the market

@ Identification of the market portfolio is difficult

@ Arbitrage Pricing Theory solves @ to @ based on multifactor models.
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0 Factor Models
@ Multifactor Model
@ Choice of Factors
@ Fama-French Factor Models
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Multifactor Model

Definition 1 (Multifactor Model)
A K-factor multifactor model for asset i € {1,...,n} is defined as

Ry = ai+baFn+- - +bixFix +en
= a;+b/Fi+ey,
where
@ R is the return of asset ¢ in period ¢
@ F,=(Fy,...,F;x)T € RX are factors at time ¢

Q@ Up = ]E(Ft)
o Qp := Cov(Fy)

@ {e;} are errors satisfying

e E(eis) =0, Var(ey) =02, E(eitejr) =0,Vi # j
(*] Cov(eit,Ft) = O,V'L and ¢

@ q; is an intercept term for asset ¢

@ b, = (bi1,...,bix)T € RX are factor loadings/sensitivities for asset i
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Multifactor Model

Multifactor model for asseti € {1,...,n}: Ry =a; +bI Fi + ey
°Ft=(Ft1,...,FtK)T€]RK, 15 :E(Ft), QF:COV(Ft)
@ E(e;r) =0, Var(ey) = agi, E(eitejt) =0, Cov(ei,Fi) =0

For a portfoliow = (wy, ..., w,)" € R" on the n-assets, its return is

Ry = wla+w'BF, +wle,;,

where

@ a=(ay,...,a,)T, B=(by,...,b,)T € R"E &, = (e1s,...,en)T €R"
Moreover, the mean and variance of the portfolio return is

@ u, =wla+w'Bur

@ o) =w'BQrB w + wiW w , where ¥, = Diag(c?,,...,02,)
factor risk non-systematic risk

@ Proof: Note that R, = (th, ey Rnt)T =a+ BF; + € and Rpt = 'U)TRt
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Multifactor Model

Multifactor model: R; =a + BF:+e;, F: € RK, ME = E(Ft), Qp = COV(Ft)
For a portfolio (n > 1): Ryt =w”a +wTBF; +wTe;, where wcR", B¢cRK
@ yp=wla+w'Bup, o2=w"BQrBTw+wT¥.w, W¥.=Diag(c?,...,02,)

Consider # assets n = 2, # factors K = 3, portfolio weight w = (J:2), and

8% 3% 0.4% —0.8%
— (1% _ (102505 _ _ _ (24% 0
a= ,B= , F_<07),QF_(0.4% 1% —0.1%>,‘Il =
( 0 ) (08 65 0:4) & 25 e —oa% 9% e ( 0 16%

@ Expected portfolio return:

o = w'a+w"Bur = (0505) | (%) + (ol 5% 1D (8% ) | = 8.6%
@ Variance of portfolio return:
o2 = w BB w+w ¥.w=w" (BQFBT + \Ile) w

p
3% 0.4% —0.8% 1 0.8
(0.505) [( o BE a2 ( 0.4% 1% —0.1%) (o 25 0. 5) JL (2%% 1(27 )} (ag
’ ’ ’ —0.8% —0.1% 2% 0.5 0.4 ® :
12.6%

=

Q

@ Factor Risk=w” BQrBTw = 2.6%; Non-systematic risk = w” ¥ .w = 10%
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Choice of Factors

Three main types of factors {F;};—1,...:

@ Macroeconomic factors
@ Observable economic variables
e Examples:
@ GDP, yield spread, consumer price index (inflation), etc...
@ “Surprise" or “Residual” variable:
X —E(Xt|]‘-t_1), or X — 1
where F;_, is the information up till time ¢ — 1; r; is risk-free rate

@ Fundamental factors

o Observable company features
o Examples:
@ dividend yield, payout ratio, price to book (P/B) ratio, earning to price
ratio, etc...

© Statistical factors

e Unobservable factors estimated from data (e.g. principle
component analysis (PCA))
o Difficulty to be interpreted or used for forecasting
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Fama-French Three-Factor Model

‘ Multifactor model for asseti € {1,...,n}: Rit=a; + bz.TFt + et

Definition 2 (Fama-French Three-Factor Model)

Rit — Tt = Q; + bz(RMt — Tt) 4 SiSMBt = hZHMLt + €t
ry = risk-free rate

R+ = Return of asset ¢
Rue =Y ¢ wiRit / > i, wi = Return of market portfolio (w; = market capitalization)
Small Minus Big: SM B; = Rsmai — RBigyt
@ ¥ = median(ws,...,wy) is median market capitalization of the n-assets
@ Rsmalt = (Z?:l wil{wigm})_l Yo wilfw, <y Rit
® Reigi = (37, wilgw,>my)  Dorey @il w, >y Rit
@ High Minus Low: HM L; = Rhight — RLowt
@ g. = a-quantile of book-to-market ratios {z1, ..., 2, } of the n-assets
@ Rhight = (2?21 wi1{2i>q0,7}) - 2721 Wil{z;>q0.7} Rit
@ Riowt = (Z?:1 wil{zl'éqo.s})71 Z?:l wil{z,<qo 5} Rit
@ a;,b;,s;, h; are factor sensitivities

™ = = — SR
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Fama-French 3-factor model: Ry — r¢ = a; + bi(Rare — 7m¢) + siSM By + hi HM Ly + et
@ r, =risk-free rate; R;; = Return of asset ¢
Q@ Ry = Z?Zl w; R;+ = Return of market portfolio (w; = market capitalization)
@ Small Minus Big: SM B: = Rgmait — Raigy (S/B market capitalization)
@ High Minus Low: HM Lt = Rhjight — Riowg (H/L book-to-market ratio)

Interpretation of factors:

@ R,:: Inherited from CAPM
@ Small Minus Big SM B;

@ Market capitalization is the total market value of a company’s stocks

@ Also known as small firm effect or size effect

@ Measures how small cap companies outperform large cap companies

@ Empirical findings: s; higher if portfolio < has more small-cap companies

© High Minus Low HM L,
e . accounting book value (equity)
@ Book-to-market (B/M) ratio = market capitialization
@ High B/M < Company Equity > Market Price < Stock is cheap
@ Also known as value or value versus growth factor

@ Stocks with high/normal/low B/M ratio: value/neutral/growth stocks

@ Measures how high B/M companies outperform low B/M companies
@ Empirical findings: h; higher if portfolio ¢ has more high B/M companies
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Fama-French Five-Factor Model

‘ Fama-French 3-factor model: R;: —r¢ = a; + b;(Rare — 1¢) + $:SM By + hi HM Ly + et ‘

Definition 3 (Fama-French Five-Factor Model)

Ryt —ri =a; +b;(Rye —1t) + $:SMBy + hi HM Ly + 7, RMW; + ¢;CM Ay + e
@ r, =risk-freerate; R;; = Return of asseti; R = Market return
@ Small Minus Big: SM B; = Rsmaiit — RBigit
o ngh Minus Low: HML; = RHigh,t — Riowt
@ Robust Minus Weak: RM W, = Rrobustt — Rweak.t

@ ¢. = a-quantile of operating profitability {z1, ..., z» } of the n-assets
@ RRobustt = (Z?:1 wil{zi>qo.7}) - Z?:l Wilgz;>q0.7) Bit
® Rweakt = (Z:‘L:l wil{ziSflo,S}) - E::l Wilgz; <qo.5) Rit
@ Conservative Minus Aggressive: HM L; = Rconsert — Raggreit
@ ¢. = a-quantile of investment {z1, ..., z» } of the n-assets
@ Raggret = (E:‘L:1 w"il{z@->qo.7})_1 Z?:1 wil{z;>q0.73 Rit
@ Rconsert = (2?21 wi1{215qo.3})71 Z?:l wil{z;<qq.5} Rit

@ a,bi, s, hi, i, c; are factor sensitivities
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Fama-French Five-Factor Model

Fama-French 5: R;y —r¢ = ai-i-bi(RMt—’r‘t)+SiSMBt-‘rhiHMLt-i-?“iRMWt-i-CiCMAt +eit

@ r; =risk-free rate; R;; = Return of asseti; Rjs+ = Market return

@ Small Minus Big: SM B;; High Minus Low: HM L

@ Robust Minus Weak: RMW; = Rgopustt — Rweakt (R/W Operating Profitability)
@ Conservative Minus Aggressive: HM Li = Rgonsert — Raggret (C/A Investments)

Interpretation of factors:

@ Ry SMB,, HML,: Inherited from Fama-French 3-factor model
@ Robust Minus Weak RM W,

® Operating Profitability (OP) = accountir?g(;e tbga(;/lscgﬁjse (equity)

@ Measures how robust (+ OP) firms outperform weak (] OP) ones
@ Empirical findings: r; higher if portfolio < has more robust companies
© Conservative Minus Aggressive C'M A,
@ Investments (Inv) = % changes in total assets in the previous period
@ due to new fundings & profit not paid out as dividends
@ Measures how conservative (| Inv) firms outperform aggressive (1 Inv)
ones
@ Empirical findings: ¢; higher if portfolio ¢ has more low Inv companies
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Empirical Analysis of Asset Prices

Empirical Analysis of Asset Prices

In an efficient market at any point in
time the actual price of a security
will be a good estimate of its
intrinsic value.

— Cugene Fama —

AZ QUOTES

Eugene F. Fama (1939~): Nobel Economics 2013
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e Arbitrage Pricing Theory (APT)
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Arbitrage Pricing Theory (APT)

[CAPM: jia = Buliar —r)++, where fu = ounr /0%, pa = B(Ra), pins = B(Rar)|

@ The derivation of CAPM relies on mean-variance theory in terms of the
tangency portfolio M

@ APT derives similar expected return relations based solely on “no
arbitrage" arguments

@ APT Assumptions

@ Large number of investible assets (n — o)
@ No arbitrage opportunities in an efficient market

Theorem 2 (Arbitrage Pricing Theory)

Consider n assets under the K -factor model R; = a; +bI'F +e;;i=1,...,n.
There exist constants \o, A = (\1, ..., \g)T (factor risk premiums) such that

Wi = Ao +b31A

Note: Merely taking expectation p; = E(R;) = a; + bl.TE(F) cannot guarantee a; = Ao for all 7,
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Arbitrage Pricing Theory (APT)

APT: ;i = Ao + b X under the K-factor model R; = a; +bIF +e;;i=1,...,n
@ Large number of investible assets (n — oo)

e No arbitrage opportunities in an efficient market

\ Multifactor model: R; —a+ BF, +e, € R", B = (by,...,b,)" € R™*K \

@ WLOG, let the K columns of B be linearly indpendent (each factor is unique)

= Exist orthogonal w, .., w, x € R" s.t. w]1 =1 &w] B =0 for all j

@ By @, we have w”e, = 0 for any well-diversified portfolio w.

@ By @, maturity value w” R, = r if it's nonrandom & initial value w”1 = 1.
@ w/R, =w] (a+BF;+e)=wja=r — (a—7l) Lwy,...,w, g

@ Note that B, wy, ..,w,,_x span R", soa — r1 € R" is spanned by B

— a—rl =B\
— p=FE(R)=a+BE(F,)=r1+B (X+pr) = ol +BA
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APT & Risk Premium

CAPM:  pg = 74 Ba(unr —7), Where Bo = oanr /oy, pha = E(Ra), py = E(Ru)
APT: ;i = Ao + b7 X under the K-factor model R; = a; + b F +e;;i=1,...,n
@ )pand X = (Ay,..., k) are factor risk premiums.

Interpretations and Implications of APT
@ Factor Risk Premium:

@ Recall Ao = r from the proof of APT
@ Write p = r1 + BX, where B = (b1,...,b,)T € R?*K,

@ If columns of B are linearly independent, then we can find (Gram-Schmidt) a w; s.t

wIB=(0,...,1,...,0). (i-th entry is 1)

Q wI/R=wl(a+BF +e)=wla+F; +w’e

= w7 is a portfolio representing the i-th factor (Arrow-Debreu security)

Q wl(p—rl)=wl/Bx=(0,...,1,...,00A =X

= \; is the expected excess return of the portfolio w;

© In CAPM, the excess return uy; — r is called the market risk premium
@ Combining @@@. ) is the factor risk premium for the i-th factor

@ Similar to CAPM, APT relates an asset’s return to excess returns of some factors
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Beyond The Limitations of CAPM

CAPM:  p; =r+ Bi(ua — 1), where 8; = oinr/02,, pi = E(R;), pv = E(Ru)
Multifactor model: Ry = a; + bI Fi + ey
APT: ;= Ao +bTA

Overcoming the limitations of CAPM

@ Lack of explanatory power using a single factor.
@ Multifactor model allows multiple factors

@ Lack of economic content (ignored GDP, inflation, etc...)
@ Macroeconomic and fundamental factors can be chosen as F,

© Relies on mean-variance theory in terms of tangency portfolio M.

@ The derviation of APT does not involve the tangency portfolio and
mean-variance arguments

© Considers only the equilibrium condition of the market
@ The multifactor model describes R;; instead of p;

@ Identification of the market portfolio is difficult
@ No tangency/market portfolio is needed in APT
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e Estimation
@ Time Series Regression
@ Cross-Sectional Regression
@ R Application
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Fama-BacBeth Approach for Parameter Estimations

Multifactor model for asseti € {1,...,n}: Rit=a; + biTFt + et
APT:  pi=Xo+bFA
@ Unknown parameters: factor loadings a;, b; for i € {1, ...,n}; factor risk premium Ao, A

Fama-MacBeth Approach is a two-step method for estimating a., b, Ao, A
@ Step 1, Time Series Regression (TSR):
@ Foreachi=1,...,n,regress {Ri:};—;, against {F+}i_,,

Rit:ai‘i‘b?Ft-‘r@it; tzl,...,T‘

@ Obtain estimated factor loadings b;, i = 1,...,n
@ Step 2, Cross-Sectional Regression (CSR):
@ Foreacht=1,...,7, regress {R;:};—; against {Ei}?:l,

Rit:A0t+5?At+Eit; t1=1,...,n.

@ Obtain estimated factor risk premiums Aoz, At=1,...,7
@ Final Estimate:

R 1 o . PR RS
)\0:;5 )\0t7 and A:;E At.
t=1 t=1

RMSC 4003 (CUHK) Ch3: Arbitrage Pricing Theory

19/27



Parameter Estimation: Time Series Regression

Multifactor model for asset € {1,...,n}: Ryt = a; + bl F¢ + ey
@ Unknown parameters: a; and b;, i € {1,...,n}

@ Time-Series Regression (TSR) Approach for estimating {«;} and {b;}
o Time Series Data (t =1,..., ) for a fixed asset ::

Ri1 1 F’{ 1 F11 Fi2 -+ Fig
QY = : , X = . : = : : . : .
Rir 1 FT 1 Frn Fr2 - Frg

o Regression Model:
Ri 1 FT ei1
oY =XB+e < 2 I <‘“>+ :
Rir 1 FT €ir

o Estimation: 3 = (ai) — (XTX)' XTY

b;
@ Repeatfori=1,...,n = {a1,...,an}, {51,...,3n}
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Factor Risk Premium Estimation: Cross-Sectional Regression

APT:  pi=Xo+bIA
@ Unknown parameters: factor risk premium g, A

@ Cross-Sectional Regression (CSR) Approach for estimating A\g and A
o Cross-Sectional Data (: =1, ...,n) for a fixed time ¢:

Ry 1 I;f 1 b1 bio b1k
oY=\ pX=1: =\ 5
Rt 1 b L obni bpz oo buk
o Regression Model:
Rt 1 by ere
oY =XB+e & =[: (i\m) n :
R 1 b, ' ent

~

o Estimation: [5‘ = ();‘Ot) _ (XTX)_IXTY
t
o Repeatfori=1,...,7 = {Xo1,..., hor}s {A1ss o os Ar}
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R Example: Fama-MacBeth for Fama-French 5 Fact

Fama-French 5: R;y —r¢ = a¢+b¢(RMt*Tt)+siSMBt+h¢HMLt+TiRMWt+C¢CMAt “+eit
QTSR Ryt =a; +bI Fi+ei ¢ =1,....7) = {bi}},
T ~ ~
@CSR: Rit = Mot +b; A +eir i =1,...,n) = {dot, A},
@ Final Estimate: Ao = 237 Ao;, and A=213%"7T A

Example 2 (Fama-MacBeth Approach)

@ Ch3FF5F. csv lists the stock returns (Res) of six stocks and five factors

@ Number of periods 7 = 36; Nubmer of factors K = 5;

Step @) TSR for the 1st stock
dat <- read.csv("D:/Ch3FF5F.csv")

summary (1lm (ReS1~ReM+SMB+HML+RMW+CMA, data=dat))

Number of assets n = 6

# Read file

# Regression

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.0009085 0.0108788 0.084 0.93400
ReM 0.7322980 0.3315143 2.209 0.03496 =
SMB -0.6738742 0.9927284 -0.679 0.50246
HML 2.3118012 1.0274540 2.250 0.03194 «
RMW 3.6892253 1.5810800 2.333 0.02652 =«
CMA -4.8841095 1.7186760 -2.842 0.00799 *x
Result:

Rt —r¢ = 0.0009140.73(Rpse —7¢) —0.67SM B +2.31HM L +3.69RMW; —4.88C M A¢ +e;t
v
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R Example: Fama-MacBeth for Fama-French 5 Fact
Fama-French 5: R;y —r¢ = ai-i-bi(RMt—’r‘t)+SZ‘SMBt-‘rhiHMLt-i-?“iRMWt-i-CiCMAt +eit
QTSR Ry =a; +bTFi +ey (t=1,...,1) = {b;}7,

@CSR: Ri = Aot +$T,\t e (=1 m = o, Ak
@ Final Estimate: Ao = £ >°7_ Ao;, and A=1%"7 X

Example 3 (Fama-MacBeth Approach)

@ Number of periods 7 = 36; Nubmer of factors K = 5; Number of assets n = 6

Step @ TSR

b=matrix(0,6,5) # n x K =6x5 empty matrix to store 131, .. ,56

for (1 in 1:6){ # Stock returns are from columns 7-12 R
b[i,]=1lm(dat [, 6+i] ~ReM+SMB+HML+RMW+CMA, data=dat)Scoef[-1] #store b;

}
Step @: CSR
res=matrix (0,36,6) # T X (K+1) = 36x6 empty matrix to store lambdas
for (t in 1:36) {
temp=as.numeric(dat([t,7:12]) # get all n returns on day t
res[t, ]=1lm(temp~b) $Scoef #store estimated lambdas for day t
}
@ Final Estimates:
lambdaO=mean (res[,1]) # obtain lambdal
lambda=apply(res[,2:6],2,mean) # obtain lambda by taking column mean

— - = — Tyt

RMSC 4003 (CUHK) Ch3: Arbitrage Pricing Theory 23/27




e Summary

RMSC 4003 (CUHK) Ch3: Arbitrage Pricing Theory 24/27



@ Multifactor model: R; =a+ BF; + ey, R:,at,e: € R™, BER"XK, Fy e RX
@ E(e;+) =0, Var(eir) = Ugi’ E(eitejt) =0, Cov(eiy,Fi) =0
@ For a portfolio w € R™ with return Rp; = wTa + wTBF; + wTe;:
@ Expected Return: pp = wa +wTBup, pr =E(F)
@ Variance: 02 = wTBQrBTw + wT¥.w, Qp = Cov(F}), ¥, = Diag(c?;)
@ Fama-French 3-factor model:
Ry —re =ai +bi(Ryme —1re) + $iSMBy +hi HM Ly + et

@ SMB: Small-Big (market cap), HML: High-Low (Book to market equity)

@ Fama-French 5-factor model:
Rit —re = a; + bz(RMt - 7‘,5) +8,SMBy +hiHML; +r; RMW; + c;CMA; + et
@ RMW: Robust-Weak (profitability), CMA: Conservative-Agressive (investment)
@ APT: 1 = Mo +bF A underthe K-factor model R; = a; +b F+e;;i=1,...,n
@ Mo =rand X =(\1,..., k) are factor risk premiums
@ )\ =wl(p—rl) wherew! R =wTa + F; + wTe (Arrow-Debreu security)
@ Fama-MacBeth Approach for estimating factor loadings and factor risk premiums
o TSR: R;t = a; +b?£‘t+€it (t=1,...,7) — {bz ?:1
@ CSR:Rit = ot +b; A +eit i =1,....n) = {hot, M},
@ Final Estimate: Ao = 2 >°7__ Ao;, and A=1 >y At
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