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Chapter 5: Continuous Time Financial Model
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Review: n-period Binomial Model

@ Time 0: (Bo, So) = (1,5)

) Sk_1u if market goes up
— . _ rt _ k—1
® Time t;, = kd: Bp =€k,  Sp= { Sy_1d if market goes down

") ; ) o_ [etk _ AR ) .
State price vector at each branch |using s° = and S = e .
Sk e"thtl S d

1
I _ (qO0yq-1 _ rs ré ) —
Y’ = (8°)'8 —m(e —d, u—e )—(ﬂ’u:’/’d)

o ;o [ 1 if market goes up,
@ Pathw; = (Z1,..., Z:)" with 2, = { —1 if market goes down.
@ State Price Vector associated with the path wﬁ; = (Z{, ey Zﬁ;)’; G=1,..., 2m):

v -1 (w“H{zz:I} * wdﬂ{Zf:—1}>
t=1

: _ ol on _ 0 g0 _ 2" i
@ Priceof F = (F!,...,F?") att=0: I 7Ej:1\IIJFJ

@ Idea: Define a continuous model by taking a limit of multi-period binomial model with many

(n — oo) small (6§ — 0) time periods, with né =T
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0 Extensions to Continuous Time Financial Model
@ Distribution of S under risk neutral measure
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From Multi-period to Continuous Time Model

‘ Goal: Multi-period binomial model with many (n — oo) small (6 — 0) time periods, nd = T

@ Partition [0, T into n intervals of length 4.
@ Bond price attime t = k§: Bjs = e,

© Stock price at time ¢ = k4§ is modeled by a binomial tree: (S fixed)

1 if up,

Sks = S(k—1)s €XP {M5 + U\/gzk‘} , Where Z, = { —1 if down.

o u=exp(ud +ov5) and d = exp(ud — av/9)
e stock grows with rate exp(u6) with volatility exp(40+v/6)
e Why v/6? If E(Z;) = 0 and Var(Z},) = 1, then by CLT:
Sp = Sns = Soe 0TV Um 2 Zr CLT SoetT+HoVTN(O.1) |imit exists!

Q Pricing FO = Y3, WFJ
o Discrete Versmn:
@ The state prices {¥7} correspond to point mass on 2™ events of St
e Continuous version:
@ The state prices ¥ correspond to a distribution of continuous r.v. St
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0 Extensions to Continuous Time Financial Model
@ Distribution of S under risk neutral measure
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Continuous Time Model: Distribution of St

1 if
Model: Sks = S(1—1)5 exp {M5 + U‘/EZ’“}’ where 7 = { -1 :f gg;/vn

State price vector at each branch: (1, ¥4) = m ( e —d, u—em )

Distribution of Sr:
@ Attime T = né (the end of the n-th period),

St = Spexp {,uné + O'\/SZ Zk} i
k=1
@ Randomness of S is solely from >~;_, Zx
@ Physical probability for the stock to go up or down is not important.
@ Risk neutral prob. (before discounting) of going up and down are

d d d—oV o
e’ —d erd — end—avs A

P(Zk == 1) = u_d = 6u6+0\/5_6‘u/670-\/3 :]:)7

down : ige™ & P(Z=-1)=1—p.

(1>

up : e
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Continuous Time Model: Distribution of St

R 1 if :
Model: St = Soexp {pnd +oV8 Y ) | Zi}, Zx = { ~1 :f 32’5520 -p)

Basic properties of Bernoulli random variable Z;:

E(Zy) = p—(1-p)=2p-1,
Var(Zy) = p+(1—p)—(@2p—1)>=4p(1—p).

Normalizing > ), Z by its mean and standard deviation:

-1

St = Spexp {;mé + o0V <Z \/4]97 4p(1 —p) +n(2p — 1)) }
= Spexp {un5+an5 p\%l +J\/45p(1p)iYk} ,
k=1

where Y}, = ﬁ is a random variable with mean 0 & variance 1.
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Continuous Time Model: Distribution of St

Model: St = Spexp {;m(; + an52’\’/_g1 + o+/46p(1 — p) ZZ:I Yk}

@ By construction,nd =T = §=2L, so0

+J [aTp(1 - p) Y IYk}

St = Spexp {,uT—l— O’T

@ Using a second order Taylor's expansion e* =1 +z + 2%/2 + - - -,

- et —eromoVe (1+78) — (14 ud — ov/s + L520)
erd+oVe _ ous—oV/s (1—&-/,464—0\/5—1— 5026)—(14—”5—0\/34— %025)
_ \/5(1"—,11—%02)_1_1
20 2
or—-1 o=t —>—7(u+20 —r)
@ Asd — 0, Z J
© Central Limit Theorem k Y d N(0,1)
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Black-Scholes Model

1 if up,
—1 if down.

Multi-period Binomial Model: Sks = S(1_1)s exp {,u5 + a\/Szk} s Z = {

o Model: Sy = Spexp {MT +oT2L 4 o /ATH(T —p)zvﬁ}.

Yk

o Limits:p — 1, 21 —>—*(M+ 1y _T) Zk

- 4 N(0,1)

@ We have proved the following theorem:

For the multi-period Binomial model withn — oo, § — 0 andné = T, the
distribution of St under the risk neutral measure is

Sr % Soexp{<r— %az> T+O’N(O,T)} .

We call it the Continuous Time Pricing Model or Black-Scholes Model.

= = = = Y

|
?
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e Pricing under Continuous Time Model
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Pricing under Continuous Time Model

Black-Scholes Model: St = Spexp { (r — 16°) T+ oN(0,7)}

Theorem 2 (Pricing under the Black-Schole Model)

If a financial derivative F has a payoff Fr = f(St), then the price F° is

FO = e_TT/f <S’0 exp { <r — §02> T+ 0'58}) or(x)dx,

where ¢1(x) is the density of the Normal distribution N (0,T).

Proof.
@ The price (before discounting) of F' with payoff Fr = f(Sr) is

Eg(f(S7)) = /f (So exp { <7~ — ;(;2> T+ a:c}) ér(x)dx,

@ Price at time Ois F° = e™""Eg (f(S7)).
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Black-Scholes’ Call Option Price

Example 3 (Black and Scholes Call Option Formula (1973))

@ European Call option with strike price K has payoff f(Sr) = (S — K)*

7‘—%02) T+oN(0,T)

@ Price of the Call option: |using 7° = e " TE=(£(ST)) & S = Soe(

P = eiTT/(Soexp{(r—%¢72>T+Um}—K)+¢T(m)dm

oo

/ (S’o exp {—%O’QT + U\/fz} - Ke_rT> d(2) dz
—dy

(Soexp{(r—f )T+afz} K>0:>z>—|:1n(So/K)+(r—f 2)T] /oNT = —dg)
< 1 _
- S (z oVT)? dllz — V/Ai rT(/f
O/dQUﬁr (z 7 d)

= SoN(di) — Ke "' N(dz)
@ N(.) is the cumulative distribution function of N (0, 1).

© do = [In(52) +(r—0?/2T| /oVT; di=d2+0oVT
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Pricing: Digital Call Option, or Binary Call Option

Black-Scholes Model: Sr = Soexp { (r — 30%) T+ oN(0,7)}
Price of derivative: F* = e~ ""Ez(f(St))

Example 4 (Digital/Binary Call Option)
@ Digital Call option with strike price K has payoff f(St) = 115>k}
@ Price of the Call option:
F* = e Eg({sr2ky)
= ¢ ""P;({Sr = K})

= P {So exp [(r ~ 37 HT 4+ oN(0, T)} > K}

_ 6_TTIP,{N(JO%T) - (So/K)U;—§02>T}
= e ""N(d2)

@ N(-) is the cumulative distribution function of N (0, 1).

® dy = [In(52) + (r — 0?/2)T] /oV/T;

™ = =

RMSC 4003 (CUHK) Ch5: Continuous Time Financial Model



Valuation of Derivatives

A new method to determine the value of derivatives

My principal contribution to the
Black-Scholes option-pricing theory
was to show that the dynamic
trading strategy prescribed by
Black and Scholes to offset the risk
exposure of an option would
provide a perfect hedge in the limit
of continuous trading.

— Retert Merton —

Robert Merton (1944~): Nobel Economic Sciences 1997
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Valuation of Derivatives

A new method to determine the value of derivatives

All models have faults - that doesnt
mean you cant use them as tools for
making decisions.

— Mqﬂzm Scheles —

Myron Scholes (1941~): Nobel Economic Sciences 1997
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© Brownian Motions and Stochastic Calculus
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Brownian Motions and Stochastic Calculus

@ For European call, payoff (St — K)* depends only on St
= Price = @Ea(f(ST)) involves a single integral

@ For general options such as
e Up-and-in barrier call option: payoff= (St — K)+1{maxte[01T]StZB},
+
@ Asian call option: payoff = (fOT Sy dt — K) :
the payoff depends on the whole path {S;},c(,7]

= Price = @Ea (f ({St}te[o,T])) is difficult to compute analytically

@ Solution
@ Describe the dynamics of {S:}.cj0,1] @s a stochastic process
(Stochastic Calculus here)

@ Based on the dynamics of {S:}:c[o,], Simulate sample paths to
approximate ¥ F (f ({St}eeo.r))) (see RMSC 4001)
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Modeling the stochastic process {.S; }+cjo. 1

n-period Model: Sp = Sp exp {,unS + a\/gzzzl Zk} , Zy = { 1_1 :]]: gg\%ﬁl ~p).

Black-Scholes Model: Sr = Soexp { (r — 302) T+ oN(0,7)} @

@ The proof of @ readily extends to a general ¢ instead of the maturity 7':

1
S; = Soexp{(r - 202) t—|—UWt}

@ Brownian Motion {W;}:
@ W, ~ N(0,t) for each t € [0, c0)

@ is the limit (after rescaling) of partial sum Z[m

k:]l Zy ofi.id. r.v.s
@ is continuous but not differentiable!
@ Black-Scholes model for {S;} is simple and has closed-form expression

o Advanced models without closed-forms exist as SDEs
@ Ornstein-Uhlenbeck Model: dS; = B8Sidt + odW;

@ Cox-Ingersoll-Ross (CIR) Model: dS; = (a — 3St)dt + o+/SedWs
@ Vasicek Model: dS; = (o + BSt)dt + odWy

@ Ho-Lee Model: dS; = a(t)dt + odWs ... ... (more in RMSC 4007)

= Need Stochastic Calculus to manipulate these SDEs!
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@ The n-period binomial model: no =T

n 1 if H
o Sr=Soexp{pnd+ VY1, i}, Zed | g

@ Risk Neutral Probability at each branch (before discounting):
Up: Yue™ £ P(Z; = 1) = £o=4; down: 1hge™ & P(Z; = —1) = =

T u—d

@ u=exp(ud 4+ oV9) & d=exp(ud — av/9)
@ The Black Scholes model: Taking limit n — oo, 6 — 0, T = nod
o Sr-% Soexp {(r—340*) T+ oN(0,T)}, under risk neutral measure

@ Pricing formula of BS model: Price of derivative payoff Fr = f(Sr) is

F° = @Eg(f(ST)) = e_rT/f (S’o exp { <r - %02) T+ am}) or(z)dr

@ Black Scholes pricing formula for European call:
F = SyN(dy) — Ke "' N(dy)
® N(.)is CDF of N(0,1)
@ dy = [ln (%) +(r— 02/2)T} JoT
@ di =dy+ U\/T
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