Stochastic Calculus

Chapter 6: Stochastic Calculus
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0 Functional Central Limit Theorem
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Two Fundamental Theorems in Probability Theory

If{Y;} "% mean 0 & variance 1, then as n — oo,

®_
2 Y 4 N(0,1).
vn

d e
@ — denotes convergence in distribution. (see sar 4003 or AMSC 4005)

Theorem 2 (Functional Central Limit Theorem)

@ Suppose that {Y;} "% mean 0 & variance 1.

@ Define the partial sum process Sy (t) = Zgnjl iR
e a random function mapping fromt € (0,0) fo R

@ Asn — o, Z[m] v
Sy(t) _ 2=17 - W,
Ve Ve

e W, is Brownian Motion (or Wiener process) satisfying W, ~ N (0,t)
@ = denotes weak convergence of stochastic processes. (see sTat 5005)

V.
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Brownian Motion {I¥;} in asset modeling

n-period Binomial Model: Sis = S(_1)s5 exp {,ué + a\/SZk} 3 L = { 1_1 ggv&ﬁ)(l —p)
A

_ 1 2p—1 1 1 2 s Zp—(2p—1)
@ T=nd p— g, 22— -1 (,u+20' r) Y, & e mean 0, variance 1
Black Scholes Model: Sp = Soexp { (r — 302) T+ oN(0,T) }

[nt]

Functional CLT: If Y} 2 (mean 0, variance 1), then ? = Wi, where W; ~ N(0,t)

Extension to model S; at a general time point ¢ instead of maturity T’
@ Fort € [0,T], letk = [n£] (the biggest integer less than n%)
@ k<nk<k+1 = ki<t<(k+1)s
@ Asn — 00,6 —» 0and nd =T, we have

Z;—(2p—1)
k ks Zi TP Jap(1—p)+k(2p—1
Sy = Soeuk6+a\/g2j=1 Zj = Soe . +OI(Z’ ! V4p(1 P) pimpykCr= >>

2p—1 T
S;Lk5+(rk5 I:/E +U\/4Tp(1—p)ﬁ ZE:I] Y;
- 0

— o) t+VToW 4
o el ETVTOW (FCLT)

= Spelr—3%)t+ow (\/TWL ~N <O,T%> = N(0,t) ~ Wt)
T

1 2 . . . .
@ The BS model S; = Soe(’"‘i" )t+oWt s also called Geometric Brownian Motion.
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e Brownian Motion and Wiener Process
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Brownian Motion and Wiener Process {W;}

[nt]
Functional CLT: If Y} R (mean 0, variance 1), then ’“7\/:5’6 = Wi, where W; ~ N(0,t)

Definition 1 (Brownian Motion or Wiener Process)
A Brownian Motion (or Wiener process) is a stochastic process satisfying:

@ Stationary increment: For s < t, Wy — W5 ~ N(0,t — s)

@ Independent increment: For 0 < ¢; < ty < t3 < 14,

Wy, — Wy, and Wy, — W, are independent random variables .

@ Startsat 0: P({Wp, =0}) =1 .

History:
@ Botanist Robert Brown (1773-1858) first described the phenomenon in
1827 while looking through a microscope at pollen of plant in water
@ Mathematician Norbert Wiener (1894-1964) developed the mathematical
theory of Brownian motion
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Properties of Brownian Motions

Brownian Motion:
QW.—W, ~ N0,t—s) @Wi, —Wi, and Wi, — W3, independent @P({W, =0}) =1

Properties (of Brownian Motion)
@ Normally distributed: W; ~ N(0,t), V¢
@ Martingale: for s < t, E(W;|W,) = W,

Proof: B(W;|Ws) = E(Wi — Ws + Ws|Ws) ®E(N(o, t —s)) + E(Ws|Ws) = W
© Continuity: W, is a continuous function of ¢

Intuition: Wi a — W QN(O, A)—0asA—0
© Non-differentiability: W; is not differentiable V¢

Intuition: Wy a — W QN(O, A),Vt implies that the process wiggles

@ Covariance: Cov(Ws, W;) = min(s, t)

Proof: If s < t, Cov(Ws, W) = Cov(Ws, Ws) + Cov(Ws, Wy — W) = Var(Ws) +0=s
If t < s, Cov(Ws, Wy) = Cov(Wi, Wt) + Cov(We — Wy, Wy) = 0 + Var(Wy) = ¢t

= = A
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Brownian Motions: Examples

Brownian Motion:
QwW:—W, ~ NO,t—s) @Wy, —Wi, and Wy, — Wi, independent @P({Wo =0}) =1

Example 1 (Verifying Brownian Motions)

@ (Scaling): Show that W, = f W, is Brownain motion, where c € R.

@ : Obviously, W; — W is normal with mean 0.
Var(W; — VV ) = lVaur(VL it — Wes) = —r(f —s)=t—s

Q@ Ascti < cta < cts < cta, Wer, — Wery and Wey, — Wee, are independent = Done

@ (Time inversion): Show that I, = tW,, is a Brownian Motion.
o: Wy — W = t(Wi — Wl/ ) + (t — s)W; /, is normal with mean 0.
Var(Wy — Ws) = Cov(Wy — Ws, Wy — Ws) = 2t~ — 2stmin(t—!,s7 1)+ s2s 1 =t —s
©: Cov(Wyy, — Wiy, Wiy — Wiy) = Cov(taWy 1, — t3W ag, t2Wi j1y — t1Wi ;)
= t2t4/t4 — t2t3/t3 — t1t4/t4 +t1t3/t3 =0, wheret; <ty <tz <ty

© (Time reversal): Show that W, = W; — W;_,,V0 < t < 1 is Brownian Mo.
: Wi — We = Wi_s — Wi is normal with mean 0.
Var(Wy — W) =Var(Wi—s —Wi—y) =(1—-s)—(1—t)=t—s
Q: Cov(Wi, — Wiy, Wiy — Wiy) = Cov(Wi—ty — Wi—ty, Wi—t; — Wi—ts)
= (1 7t3)7(1 7t4)7(1 7t3)+(17t4)=0
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Brownian Motions: Examples

Brownian Motion:
QwW:—W, ~ NO,t—s) @Wy, —Wi, and Wy, — Wi, independent @P({Wo =0}) =1

Example 2 (Probability related to Brownian Motions)
@ Find P(W; — Wy > /%)
Ans: P(W, — Wo > v/t) = P(N(0,t) > v/t) =P(N(0,1) > 1) =1 — &(1) ~ 0.16
@ Find P(W; < a|W,)

Ans: P(W;, < a|W,) = P(Ws — W, + W, < a|Ws) @P(N(o., t—s8) < a— Ws|Ws)

_ a—Ws
= t—s

%
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Brownian Motions: Examples

Brownian Motion:
QwW:—W, ~ NO,t—s) @Wy, —Wi, and Wy, — Wi, independent @P({Wo =0}) =1

Example 3 (Quadratic Variation (QV) of Brownian Motions)
Q LetQ, =31 (Wi, — W), where t; = T Find lim,, 00 Q.

Ans: From @and @, Wi,,, — Wi, ~ N(0,T/n) are independent across i.

Let 7z, ¥ N(0,1), we can express @, as

n—1 n—1 2 n—1 2
o 2 :”r 222 : /T ) o E'L:O Zi
Qn - ( tit1 — VV&,) - < nZ1> =T n

i=0 i=0
"% TE(Z])  (law of large number)
= T.

@ @, is random for any fixed n, but T" is non-random
@ Smooth functions have QV= 0:
@ eg. for f(t) =t,wehave ) " Ytigr — )2 =ni; > — 0.
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e Stochastic Integral
@ Properties of Stochastic Integral
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Stochastic Integral

@ Since Brownian Motions {1} is non-differentiable, the stochastic

derivative ©¥+ cannot be defined.

@ Nevertheless, for a random function f(t), the Stochastic Integral
Ji& f(t) dW; can be defined as

T n—1
/ f(t)dw, = Jim_ Do) Wy =W2y)
0

0=to<t1<-<tn=T ;_g
max;(tj—t;_1)—0

@ Interpretation of stochastic integrals as trading strategies:
o W, is the value of an asset at time ¢
e f(t;)is the amount of investment determined for the period [t;,¢;41)
o f(t;) (Wy,,, —Wy,) is the payoff for the period [t;,t;41)

° fOT f(t) dWy is the total payoff of all investments over [0, T1.
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Stochastic Integrals: Example

. . rT T n—1 _
Stochastic Integral: [ f(t) AW = hm0:t0<£299<tn:T o F(t7) (Wejy — W) -
max;(tj—t;_1)—0

Example 4 (Stochastic Integrals)

@ For a constant function f(t) =clp,,
n—1
/ F(t)dW, = hme t5) Wigps = Wi,) =D e (Wiyyy = Wiy) = cWr.
j=0 j=0
@ For astep function f(t) = 31t eilpa,, a1+1)( ) N
T n 1
/ f(t) dWi = limz f(tj) (Wtj+1 Z Ci Waz+l - lli) )
0 =0 i=0
f(t) eR
—

Tt aj it t
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Stochastic Integrals: Example

. LT Yy n—1 . —
Stochastic Integral: [ f(t) AW = lim __poee 300 Flt5) (Weypy — Wy ) -
max;(tj—t;_1)—0

Quadratic Variation (QV): For dense to, ..tn in [0,T], Qn = g:_ll(Wti+1 - Wi,)?2 = T.

Example 5 (Stochastic Integrals)
@ For f(t) =W,

T n—1 n—1
/ F@dwe = Ty f(ty) (Weypy = Wey) =lim Yy We, (Weyyy — Wy )
0

=0 §=0
1 n—1 n—1
_ 2 2 2
= lim > Z (Wii+1 = Wt,-) - Z(WtiJrl — W)
1=0 1=0
. oo o 1 2
using a(b—a) = = (b= —a*) — =(b—a)
2 2
1 1= 1 1
_ 2 1 2 QV 2
= JWi—lim] Z(th —Wi)? S SWR- T
1=0

@ Compare with fOdew = %wz in ordinary calculus
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Stochastic Integrals: Example
The choice of the location of integrand is important in stochastic integral:

@ lto integral: fo t) dW; = lim Z fty) Wiy, —Wey)

@ Stratonovich integral: [ f(t) dW; = lim Z M e 1) (v,

j=0

n—1
@ Hanggi-Klimontovich integral: foT F) AWy =1m Y f(t;1) (W, — Way)
j=0

- Wtj)

J+1

Example 6
® For f(t) = Wi, @lto: [ f(t)dW, = W2 — §
eStratonovich' (using (b+a)(b—a)=b>— a2)

T
Wy + Wy
/ f(t)th~§ —H Y (- E W2, - W)= wE
0

Jj=0

eHénggi—KIimontovich' (using b(b—a) = 2(b2 —a?) + §(b —a)? )
T n—1 n—1
/ £(£) AW ZW”“ (Wejpq = We;) = -Z(W}Hl -w?) +%Z(Wti+1 _Wtj)Z
0 ]

=~ —W +—T.
2 T7 o

Q

@ We focus on Ito Integral due to its connection with trading strategies.
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Properties of the Stochastic Integral

Stochastic (Ito) Integral: fo £) AWy =lim _ el 2% Z;:Ol Flt5) (Weyyy = Wey)
max; (t; —t;_1)—0 _—

Aj

@ Linearity: fOT (af(t)+ By(t)) dW, = afo t) dW; + ﬂfo t) dW;

n—1 n—1

LHS~Zaf ) + Bg(t;)A; —aZf A+ﬁz )A; ~ RHS

n—1

Q Isometry: E ([fo th} ) = fT E(f2(t)) dt
Zf DAZY f(t)f

n—1 2
E [(Z.f(n)&) ] ~E
i=0 i#£]
S R[Pw]EaD 0= B @G - )
T
/ E(f2(t)) dt = RHS

0

LHS

Q
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Properties of Stochastic Integrals

n—1
0=t0<t7;2~??<tn:T ZJ'ZO F(t5) (Wtf“ - Wti) ’
—_———

max; (t;—t;_1)—0

Stochastic (Ito) Integral: [ OT f(t) dWy = lim

A

J

© Martingale Property: E (fo t) dW | F,

) fo t) dWy
@ F; is information up to time s.
@ M; is a martingale if E(M¢|Fs) = M, for s < ¢.

LHS = E<27 Ft ) (Wa, — Wi, )

.7-'S> (let s = ¢y, for some k)

j=1
E independent of Fg
/ﬁ%
= ) Ft) Wi, — W) z Fti—1) W, — Wi, ) | Fs
j=1 j=k+1
k n =0
: ,
= ) H)Wey =Way )+ Y E(F(t-1)|F) EWe, — Wi, _y)
j=1 j=k+1
= RHS
© Zero-mean Property: E (fo th) = (Puts =0in @)
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Properties of Stochastic Integrals

@ Linearity: [ (af(t) + Bg(t) dW: = a [ f(t)dW: + 8 [ g(t) dWs

@ Isometry: E ([fo @ th} ) = f (f2(t)) dt

© Martingale Property: E (fOT f(t) dWy

}'s> =[5 () aw:

Example 7

@ Find [ (T + Wy) dW;

Ans: LHngTTdW',+fT Wi dWy = TWr + (W2 — T)

@ Find B (fi th) .

Ans: |_HsefTEW Dar= [T tat= {’T’I;(l’T)’ T

© Find Var ( Jy Wi dWy).

Ans: LHs @ ([ Wi dwt)ngU E(W?) dt= [ tdt=1T?
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e [t6’s Lemma
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It6’s process

@ Using stochastic integrals, an 1té’s process {X;} is a model of the form

Xt/otp(s)der/ota(s)dWS, (1)

where pu(s) & o(s) are random functions depending on F; (info up to s).

@ Although X; is not differentiable in general, to highlight the dynamics we
often write (1) as

@ e.g. Geometric Brownian Motion: S; = Spelr=30%)tHoWe g x, log g—é:

1 t 1 t
Xt:(T—O'Q)t-‘rO'Wt:/ <r—02> ds+/ odWsy.
2 0 2 0

@ We often consider functions F(¢, X;) of X,
e e.g. discounted payoff F(t, X;) = e "(X; — K)™T
@ To discuss the dynamics dF(t, X;) in terms of dX;, we need a stochastic
version of the chain rule
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[t6’'s Lemma

Lemma (lt6’s Lemma)
Consider an It6 process X, satisfying dX; = u(t)dt + o(t)dW, , where

@ W, is a standard Brownian motion

@ VI'>0,E ( L2 (t )dt) < &E ( o dt) . (s0 Var(X,) exists)
IfY, = F(t, Xy) for some function F'(¢t, ), then
oF oF 10°F oF
dY; = <8t (t Xt) O (t,Xt) ( )+ §W(t’ Xt) ( )) dt+8 (t Xt) ( )th

v,

@ Taylor expanding F(t, X;) involves dt, dW;, dtdW;, (dt)?, (dW;)?, ...
@ W, ~ N(0,t) = dW; = Wiyar — Wi ~ N(0,dt) = VdtN(0,1) (order v/dt).
o (dW:)? ~ dt(N?(0,1)) ~ dt
@ dtdW, (dt)? and higher terms are smaller than dt, so can be omitted
@ Ito multiplication table: « ‘ dt  dw,
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[t6’s Lemma: The Proof

It6 process:  dX; = p(t)dt + o(t)dW;
ltd’s Lemma:  dY; = dF(t,X;) = (%—f + 28, 4+

% 88275 02) dt + aF ath

@ dw, is of order VI, (dW,)? =dt, (db)®,didW,, (dr)?,di(dW,)?, .. negligible |

Consider the Taylor's expansion of F' up to terms of order in dt:

F‘(tL + dtu Xt+dt>

OF  OF &2F L O°F _%F )
= Syt o-dX+ g ( o (A1) + 25— (AldX,) + 525 (dX) ) +
OF OF 10°F 2
OF OF 18%F OF
(_8t + oK p(t) + 239.2° (t)) dt + E o(t)dw,

F(t Xy)
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It6’s Lemma: Examples

It6 process:  dX; = wu(t)dt + o(t)dW;
ltd’s Lemma: dY; = dF(t, X;) = ( oE 98, + %‘29502) dt + %L gdw,

Example 8
Find dlog S, where dS; = pSidt + o SidW;.

@ Identify variables: F(t,5;) =log S, X:=S:, u(t)=puS:, o(t)=oS;

A Nl . OF OF _ OF _ 1 9°F _ 9°F _ _ 1
e Find derivatives: b = 0 9z — 05, — 50 0aF — 6_5'? = _St
© Apply Itd’s
1
d(log St) = (O—i— S, — (uSt) + (—?) (0253)> dt + — 5 (aSt)th

(,u— 50 )dt—i—ath

: : _ d
@ Ordinary calculus: dlogz = <*

@ Stochastic calculus: dlog S; = udt +odW,—So%dt = t+ 555 (dS,)?
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It6’s Lemma: Examples

[t6 process: dX; = p(t)dt + o(t)dW;
lt6's Lemma:  dY; = dF(t, X) = (% + 55+ 1550%) dt + S oaw,

Example 9
Evaluate dlog X;, where Xo = 1, dX; = 3 X;dt + X;dW,

@ Identify variables: F(t,X;) = log Xy, u(t) =t o(t) = X,

i Velfveae OF — OF _ OF _ 1 9F? _ 9F2 _ 1
Q Find derivatives: 3 =0, 37 =g, =% Gr =5 = —x7
© Apply Itd’s:

1X, 11 _, 1
log X;) = — ot - X — X, dW; = dW,
d(log X1) <0+Xt2 2 X2 t>dt+Xt 1AW = dWe

@ Conclusion: logX; =W, ,or X;=eM

RMSC 4003 (CUHK) Cheé: Stochastic Calculus 24/40



It6’s Lemma: Examples

It6 process:  dX; = u(t)dt + o(t)dW;
lto’s Lemma:  dY; = dF(t, X;) = (%—f + 28, 4+ %%1@02) dt + %L gdw,

Example 10

Evaluate dW}?

@ Identify variables: F =Ww?, X, = W, = dX, = dWi, u(t) =0, 0(t) = 1

: b . OF _ OF _ 9F __ 2 Q9F% _ 0°F _
© Find derivatives: % =0, G = 5 = 3W7, W_W_tswt

© Apply Itd’s: d(W3) = 3W,dt + 3WEdW,
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It6’s Lemma: Examples

[t process:  dX; = p(t)dt + o(t)dW;

t6's Lemma:  dY, = dF(t, X,) = (% + 3 u + L 55 0%) dt + B dW,

Example 11

Evaluate de**, where X, = 1, dX; = idt + dW,

Q Identify variables: F(t, X;) = e, u(t)=1, o(t)=1
Q Find derivatives: 2L =0, 2& = 9E _ X¢ OF _ 0

ot oz — 0X;
© Apply Itd’s

1 1
deXt = (0 +ets + 56)“) dt + Xt dW, = X (dt + dW;)
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It6’s Lemma: Examples

It6 process:  dX; = p(t)dt + o(t)dW;
lto’s Lemma:  dY; = dF(t, X;) = (%—f + 28, 4 ;%3502) dt + 2L odw,

Find f;" W;dW, by Ité lemma

. 1 2
© Guess: W2
Q Identify variables: F =1W?2, X, =W, = dX, = dW;, u(t)=0, o(t)=1

i At . OF OF _ 02F _ 0°F _
O Find derivatives: 9F =0, ¢E =28 =w;, &5 = e =1

Q Apply Ito’s: d(AW?) = Lat + waw,
= 3WE =T+ o WidW,
@ Conclusion: JEWidw;, = iwz-T
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It6’s Lemma: Examples

[t6 process:  dX; = p(t)dt + o(t)dW;
lto's Lemma:  dY; = dF(t, X)) = (% + 3 p+ 1 550%) di + GEoaw,

28229

Find f; tdW, by Ité lemma

@ Guess: TWp — fOT W dt (integration by part In ordinary calculus)
Q@ |Identify variables: F =tw,, X, =W, = dX; = dW;, u(t) =0, o(t) =1

; ot . OF _ OF _ 9F __ 9*F _ 9*°F _
© Find derivatives: S = W3, t, SF=25=0

= oW, = :
Q Apply Ito’s: d(tWy) = Widt + tdW,
@ Conclusion: S tdWy = TWp — [ Widt

. . . 2
@ The results of ordinary and stochastic calculus agree since 25 = 0.

T

RMSC 4003 (CUHK) Cheé: Stochastic Calculus 28/40



It6’s Lemma: Examples

[t process:  dX; = p(t)dt + o(t)dW;
lt6's Lemma:  aY; = dF(t, X;) = (% + 5Eu+ 1550%) dt + S oaw,

Example 14

Using It lemma on F(t, X;) = e*' X, solve the SDE

dXt = —O[Xtdt + O'th . (2)
@ Identify variables  F(t, X;) = e® Xy, p(t) = —aXy, o(t) =0
@ Find derivatives: 2 = ae?tX,, 9F = 2L — eot O — g—f(; =0
© Apply Itd’s:
d(e*X;) = (aeatXt + e (—aXy) + 0) dt + ocetdW, = oe“tdW;

T
= Xy = XoeT+o / e~ T qw, .
0

v,

@ Process (2) is called Ornstein-Uhlenbeck (OU) Process, and is applied in modeling
bond prices.
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e Stochastic Product Rule and Integration by Parts
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Product Rule
Theorem 3 (Product Rule)

If dX; = po(t)dt + o, (t)dW, and dY; = p,(t)dt + o, (t)dW;, then

dX;Y; = X.dY; + YidX; + dX;dY;
= XydY; + YidX, + o4(t)oy(t) dt .

dX:Yr = XepaYivar — XeYi
= Xe(Yigar — Y1) + Vi (Xegar — Xt) + Vegar — Ye) (Xpgpar — Xt)
= XydY; + Yid Xy + dXdY;
= X3dY; + YidX; + (pz(t)dt + 0, (8)dWy) (py (t)dt 4 oy (t)dWy)
XidY; + Yid Xy + 0,(t)oy(t) dt,

by keeping only terms of order up to dt
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Product Rule: Example

to's Lemma: ¥ = dF(t, X;) = (% + 9Ep + 1 550%) dt + SV,
Product Rule:  dX,Y; = X,dY; + Y:dX; + dX,dY,

Example 15 (Product Rule)
@ Find dX}, where dX; = uX;dt + o X, dW;.
@ Method 1: Using Itd’s lemma with F (¢, X;) = X},

dX} = 3XPdX, + 3X,(dX;)?.
@ Method 2: Using product rule with X; = X; and Y; = X7,

dX} = d(XuYs) = X7dX; + Xo(dX7) + dX;(dX7)
= XPdX;+ X (2X:dX; + (dX0)2) + dX; (2X,d X, + (dX;)?)
= 3X2dX; +3X:(dX;)% + (dXy)?
= 3X2dX; +3X:(dX;)? ((dX.)®is negligible)

= = - = =y
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Integration By Parts

|Product Rule:  dX,Y; = X,dY; + Y;dX,; + dX,dY; , |
By directly integrating the product rule, we have the following result:

Theorem 4 (Integration by Parts)

b b b
[ X = (X3l - [ viax, - [ dxiav;

Example 16 (Integration by Parts)
Find [ WidW;.
@ Let X, = W,, Y; = W;. Applying integration by parts gives

T T T
/ WedW: = [Wi x Wi]g — / WedW; — / AW dW;

0 0 0

T T
= W%—/ Wtth—/ dt

0 0

r 1 1

= / WedW, = W2 —-T.
) 2 2
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Integration By Parts

Product Rule:  dX.Y; = X.dY; + YidX; + dX,dY;
Integration by Parts: fa XdY: = [X.Y]8 — fa YidX; — fab dX.dY;

Example 17 (Integration by Parts)

Find [ tW,dW.
@ Let X, =tW,, Y; = W,. By Product rule, dX; = d(tW;) = W, dt + t dW;
@ Applying integration by parts,

T T T
/ tWtth = [tWt X Wt]g —/ Wtd(tWt) —/ d(tWt)th
0 0 0
T T
= TW%—/ Wt(Wth—tth)—/ (Wedt + tdWy)dWs
0

iy T
= TWT—/ Wt dt — / tWe th—/ tdt (dtdW: neglected
0

T
= / tWtth = TW = —/ Wt t— =
0
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@ Black-Scholes PDE
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Black-Scholes Partial Differential Equation

Theorem 5 (Black-Scholes PDE [SDE involves dV:; PDE does not])
Suppose that the market has the following asset price dynamics:
@ Security (Stock): dSy = pSidt + oS dWy

@ Risk-free asset (Bond): dB, = rBdt.

The price of any derivative of S;, denoted as f(t, S;), satisfies, Vt > 0,

of  of 10%f 5262 _
5 T a5 St gage0 Si=rl

@ The proof relies on mimicking payoff f by a replicating portfolio
‘/t = V(t, St) = (tht + HtBt 5

where ¢;, 0; are units of holdings of stocks and bonds, respectively.
@ Properties of the replicating portfolio;
@ Replicating: f(t,S;) = V(t,S;) forall t >0
@ Self-financing: dV; = ¢.dS, + 0,dB;
@ Change in V4 is only from changes in S; & B: = no new investment
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Black-Scholes Partial Differential Equation

It6 process:  dX; = p(t)dt + o(t)dW;

lto’s Lemma:  dY; = dF(t, X;) = (%—f + 28, 4+ ;%f 2) dt + &L gdw,

Stock: dS; = uSidt + 0S:dW:, Bond: dB, = rB.dt, Derivative: f = f(t,S:)

Black-Scholes PDE: &L + 415, + ;gsg o*S; =rf, dSi = pSidt + oS, dW;

Proof of Black-Scholes PDE.

@ Identify variables:  X; = S;, u(t) = uS;, o(t) = oSy, F(t, Xy) = f(t, X¢)

Q Apply Itd's: df = [% + 2L S, + %%o%ﬂdt + [ o1 Ust}dwt

@ Replicating portfolio: dV; = ¢:dS; + 6;dB;, (weights: ¢; stocks, §; bonds)
= (qbt/.LSt -+ etTBt)dt + (ﬁt(TStth

@ Noarbitrage = df =dV; = @ &1 = 54 & @ 0,rB; = 7{+%#0 S2;
Q@ Noarbitrage= f=V= @ f= ¢t5t + 0:By;
Q Combining @and @ = % + rSt ;gséchS? =rf
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Black-Scholes PDE: Example

Black-Scholes Model: dS; = uS.dt + oS, dW;

Black-Scholes PDE: 9 + 2LrS, + 1 2L0%52 = rf (derivative f(t, )

Example 18 (Black-Scholes PDE)
@ Stock f(t,S;) = S;:
° %{:0,%:1,andg—8§=0
e BS-PDE reduces to rS; = rS;
@ Bond f(t,5,) = e

of _ .. rt Of _ °f _
@ G =re —_O,and@—

' 95,
o BS-PDE reduces to re”t = re’t

© Forward f(t,5;) = S; — Ke "(T1):

of _ —r(T—t) Of _ 1 0f% _
OE——TKGT( ),B—St—].,ﬁtg—o

o BS-PDE reduces to —rKe ™"t 4G, =rf =r (S, — Ke "(T=1)

v
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Black-Scholes PDE: Discussions

Black-Scholes Model: dS; = uSidt + oS dW,;

Black-Scholes PDE:  %f + 2115, + %gisﬂt;o?sf =rf (derivative f(t,S;))

@ BS-PDE provides a way to price financial derivatives, i.e., find
f(t,Sy), by analytically or numerically solving a PDE

@ The desired price f(¢, S;) is a solution to the BS-PDE under
suitable initial/boundary conditions

Stock: f(0,So) = So, f(T,Sr) = St

Bond: f(0,S0) =1, f(T,Sr) =T

European Call: f(¢,0) =0 & f(T,S7)= (St — K)*

American Call: additionally, f(¢,S;) > (S; — K)™

European Put: f(t,00) =0 & f(T,Sr) = (K — St)"

@ see RMSC 4007 for details
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@ Brownian Motion/Wiener Process {W, }:
@ Stationary increment: For s < t, Wy — Ws ~ N(0,t — s)
@ Independent increment: For 0 < t1 < to <t3 <tq, Wiy, — Wiy L Wi, — Wi,y

@ Startsat0: P({Wp =0}) =1 .
@ Stochastic Integral:

n—1
/ F(£) dw, = Jim_ D 1t) (Wepn = Wey)
0=to<t1<--<tn=T ;¢
max; (t;—t; 1)—>0

@ Linearity: f (af(t) + Bg(t)) dW: = af f(t) dWs +ﬁf t) dW;
° Isometry:E([ fo f(t)th] ) = fo E(f2(t)) dt
° Martingale:E( [ £ty awy |7
@ Itd process:  dX; = u(t)dt + o(t)dW,
@ lto’s Lemma: dF(t,X;) = (%—f + 28, + é%mﬁjﬂ) dt + 2L gdw,
@ Black-Scholes Model: dS; = uStdt + aStth
@ Black-Scholes PDE: & + 2LrS, +1 852 L0282 = rf (derivative f(t,S,))
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) fo t)dW; (zero-mean when s = 0)
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