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Any payoff, F', is attainable (can be replicated using the assets available), where F' = Sw. [2]

1 (30 points)
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a) The market is complete. [1]

b) Asset 4 (or 3) is redundant (as the columns of S are not linearly independent). [1]
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f) Since all entries of the unique state price vector are strictly greater than 0, that is, 9 > 0 from the results

in c), there is no arbitrage opportunity in the market. [3]
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i) Provide an example of an arbitrage opportunity. [3]
Short one unit of Sy, short one unit of S5, short one unit of S3 and long two units of F. The initial
investment is 1 +2+1—2(2) = 0.
At maturity, the payoff under scenario 1 is —1.3 — 2(1.6) 4+ 16 = 11.5, the payoff under scenario 2 is
—0.9 — 2(2.2) + 6 = 0.7 and the payoff under scenario 3 is —1.2 + 2 = 0.8. Hence, we have w'S? < 0
and Sw > 0.

2 (10 points)

a) Using Taylor series expansion ¢* =1+ = + % + % + % + O(x%),
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b) Using Taylor series expansion 1= = 1 —z + O(a?),
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i) ¢— % asd—0. [0.5]
i)
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Therefore, L= — —1(p+30%—r) as s —0. [0.5]
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Therefore, as § — 0, the term goes to 0. [1.5]
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3 (5 points)
By Ito's lemma,
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Cov (B: —xBy,B;) = Cov (B¢, B1) — xCov(B;, B1) = min(t,1) —x =0
x = min(t, 1) [1]
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6 (10 points)
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Two ways to prove (x) = 1. [4]

Approach 1: Recall MGF: M (t) = E(e!X) = M +27°  Hence, E(e*We=Ws) | 2,) = ez(t=s)a’
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Approach 2: If Z ~ (0,h), then E (ez_5> =1.

7 (15 points)

a) By Ito’'s lemma,
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c) i) X is not a martingale since dX; = 3dt + v/X;dB. [2]
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i) By Ito's lemma,
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Hence, t — 2X; is a martingale.
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iii) By Ito's lemma,
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1
log X; = log X —f—/s X dB,; = E(log X;|-Z5) = log X,
Hence, log X is a martingale.

d) 7=min{t>0: X; =eor Xy =e '} =min{t > 0:log X; = 1 or log X; = —1}.
Because log X; is a martingale and log Xy = 0, by OST, [1]
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