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a) The market is complete. [1]
Any payoff, FFF , is attainable (can be replicated using the assets available), where FFF = SSSwww. [2]

b) Asset 4 (or 3) is redundant (as the columns of SSS are not linearly independent). [1]
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c)
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=
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f) Since all entries of the unique state price vector are strictly greater than 0, that is, ψψψ ≫ 0 from the results
in c), there is no arbitrage opportunity in the market. [3]

g)

SSSwww = FFF [1] =⇒
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h) [3]

F 0 = ψψψ′FFF =
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SSSwww = FFF =⇒
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i) Provide an example of an arbitrage opportunity. [3]
Short one unit of SSS1, short one unit of SSS2, short one unit of SSS3 and long two units of FFF . The initial
investment is 1 + 2 + 1− 2(2) = 0.
At maturity, the payoff under scenario 1 is −1.3 − 2(1.6) + 16 = 11.5, the payoff under scenario 2 is
−0.9 − 2(2.2) + 6 = 0.7 and the payoff under scenario 3 is −1.2 + 2 = 0.8. Hence, we have www′SSS0 ≤ 0
and SSSwww > 000.

2 (10 points)

a) Using Taylor series expansion ex = 1 + x+ x2

2 + x3

6 + x4

24 +O(x5),

erδ − eµδ−σ
√
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√
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+
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+
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√
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√
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b) Using Taylor series expansion 1
1+x = 1− x+O(x2),
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√
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√
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√
δ = 1 + µδ − σ

√
δ +

µ2δ2 − 2µσδ
3
2 + σ2δ

2
+

3µσ2δ2 − σ3δ
3
2

6
+

σ4δ2

24
+O

1
δ

5
2

2

1

eµδ+σ
√
δ − eµδ−σ

√
δ
=

1

2σ
√
δ + 2µσδ

3
2 + 1

3σ
3δ

3
2 +O

1
δ

5
2

2 =
1

2σ
√
δ

1

1 +
..
µ+ 1

6σ
2
/
δ +O(δ2)

/ [2]

=
1

2σ
√
δ

0
1−

,,
µ+

1

6
σ2

-
δ +O(δ2)

-
+

,,
µ+

1

6
σ2

-
δ +O(δ2)

-2

− · · ·
3

=
1

2σ
√
δ

,
1−

,
µ+

1

6
σ2

-
δ +O(δ2)

-

2 | 7



RMSC4003

c)

q =
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√
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√
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√
δ

=
1

2σ
√
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i) q → 1
2 as δ → 0. [0.5]
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Therefore, as δ → 0, the term goes to 0. [1.5]
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√
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3 (5 points)

By Ito’s lemma,

d(ectWt) = ectdWt + cectWtdt [4]

ecTWT =

6 T

0
ectdWt +

6 T

0
cectWtdt

6 T

0
ectdWt

7 89 :
Stochastic integral

= ecTWT −
6 T

0
cectWtdt

7 89 :
Riemann integral

[1]

4 (15 points)

F 0 = e−rTE!ΨΨΨ
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/
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.
0.02− 1
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.
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2
/
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= 1.3072

5 (15 points)

a)

Cov

,
B 1

2
− 1

2
B1, B1

-
= Cov

1
B 1

2
, B1

2
− 1

2
Cov(B1, B1) =

1

2
− 1

2
= 0 [3]
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b)

Cov (Bt − xB1, B1) = Cov (Bt, B1)− xCov(B1, B1) = min(t, 1)− x = 0 [2]

x = min(t, 1) [1]

c)

MX(t) = E
.
etX

/
=

6 ∞

−∞
ext

1√
2πσ

exp

,
− x2

2σ2

-
dx [1]

=

6 ∞

−∞

1√
2πσ

exp

,
−x2 − 2tσ2x

2σ2

-
dx

=

6 ∞

−∞

1√
2πσ

exp

,
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-
dx [1]
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−−σ4t2

2σ2

-6 ∞

−∞

1√
2πσ

exp

,
−(x− σ2t)2

2σ2

-
dx [1]

= exp

,
1

2
σ2t2

-

d)

E

,
eaB1

====B 1
2

-
= E

0
e
a

"
B1−B 1

2

#
+aB 1

2

====B 1
2

3
[1]

= e
aB 1

2 E

0
e
a

"
B1−B 1

2

#====B 1
2

3
[1]

= e
aB 1

2 e
1
2

1
2
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,
a2

4
+ aB 1

2

-
[1]

e)

E

,
e
aB 1

2

====B1

-
= E

0
e
a

"
B 1

2
− 1

2
B1

#
+a

2
B1

====B1

3
[1]

= e
a
2
B1E

0
e
a

"
B 1

2
− 1

2
B1

#====B1

3

= e
a
2
B1E

0
e
a

"
B 1

2
− 1

2
B1

#3
since B 1

2
− 1

2
B1 and B1 are independent [1]

= e
a
2
B1E

0
E

0
e
a

"
B 1

2
− 1

2
B1

#====B 1
2
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= e

a
2
B1E

0
e

a
2
B 1

2 E

0
e
−a

2

"
B1−B 1

2

#====B 1
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33

= e
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2
B1E
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e

a
2
B 1

2 e
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-
= e

a
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16 E
1
e

a
2
B 1
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a
2
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16 e
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,
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+
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-
[1]
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6 (10 points)

For s < t:

E(Xt|Fs) = E

,
eaWs−a2s

2
+a(Wt−Ws)−a2(t−s)

2

====Fs

-
[3]

= E

,
Xs · ea(Wt−Ws)−a2(t−s)

2

====Fs

-

= Xs · E
,
ea(Wt−Ws)−a2(t−s)

2

====Fs

-

7 89 :
(*) = 1

[3]

= Xs

Two ways to prove (∗) = 1. [4]

Approach 1: Recall MGF: M(t) = E(etX) = eµt+
1
2
σ2t2 . Hence, E(ea(Wt−Ws)|Fs) = e

1
2
(t−s)a2 .

E

,
ea(Wt−Ws)−a2(t−s)

2

====Fs

-
= e

a2

2
(t−s) · e−

a2

2
(t−s) = 1

Approach 2: If Z ∼ (0, h), then E
1
ez−

h
2

2
= 1.

6
ez−

h
2

1√
2πh

e−
z2

2hdz =

6
1√
2πh

e−
(z−h)2

2h dz = 1

7 (15 points)

a) By Ito’s lemma,

df(t,Xt) =

,
∂f(t, x)

∂t
+ a

∂f(t, x)

∂x
+

1

2
b2
∂2f(t, x)

∂x2

-
dt+ b

∂f(t, x)

∂x
dBt [1]

=

,
∂f(t,Xt)

∂t
+

1

2

∂f(t,Xt)

∂Xt
+

1

2
Xt

∂2f(t,Xt)

∂X2
t

-
dt+

>
Xt

∂f(t,Xt)

∂Xt
dBt [2]

b)
∂f

∂t
+

1

2

∂f

∂x
+

x

2

∂2f

∂x2
= 0 [3]

c) i) Xt is not a martingale since dXt =
1
2dt+

√
XtdBt. [2]

Xt = Xs +
1

2
(t− s) +

6 t

s

>
Xτ dBτ

E(Xt|Fs) = Xs +
1

2
(t− s) ∕= Xs

ii) By Ito’s lemma,

d(t− 2Xt) =

,
∂f(t,Xt)

∂t
+

1

2

∂f(t,Xt)

∂Xt
+

1

2
Xt

∂2f(t,Xt)

∂X2
t

-
dt+

>
Xt

∂f(t,Xt)

∂Xt
dBt

=

,
1 +

1

2
(−2) + 0

-
dt+

>
Xt(−2)dBt = −2

>
XtdBt [2]

Zt = t− 2Xt =⇒ Zt = Zs −
6 t

s
2
>

Xτ dBτ =⇒ E(Zt|Fs) = Zs

Hence, t− 2Xt is a martingale.
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iii) By Ito’s lemma,

d logXt =

,
∂f(t,Xt)

∂t
+

1

2

∂f(t,Xt)

∂Xt
+

1

2
Xt

∂2f(t,Xt)

∂X2
t

-
dt+

>
Xt

∂f(t,Xt)

∂Xt
dBt

=

,
0 +

1

2

1

Xt
− 1

2
Xt

1

X2
t

-
dt+

>
Xt

1

Xt
dBt =

,
1

2

1

Xt
− 1

2

1

Xt

-
dt+

1√
Xt

dBt

=
1√
Xt

dBt [2]

logXt = logXs +

6 t

s

1√
Xτ

dBτ =⇒ E(logXt|Fs) = logXs

Hence, logXt is a martingale.

d) τ = min{t ≥ 0 : Xt = e or Xt = e−1} = min{t ≥ 0 : logXt = 1 or logXt = −1}.
Because logXt is a martingale and logX0 = 0, by OST, [1]

0 = E(logXτ ) = 1 · P(logXτ = 1)− 1 · P(logXτ = −1) [2]

=⇒
?
P(Xτ = e)− P(Xτ = e−1) = 0

P(Xτ = e) + P(Xτ = e−1) = 1

P(Xτ = e) = P(Xτ = e−1) =
1

2

Because t− 2Xt is a martingale and 0− 2X0 = −2, by OST,

− 2 = E(τ − 2Xτ )

E(τ) = 2E(Xτ )− 2 = 2
.
eP(Xτ = e) + e−1P(Xτ = e−1)

/
− 2

E(τ) = 2

,
e
1

2
+ e−1 1

2

-
− 2 = e+ e−1 − 2
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