RMSC 4003 Statistical Modelling in Financial Markets (Term 1, 2022-23)

MIDTERM SOLUTION

1 This set of solutions has been prepared by Kua Wei Zhia (and Jin Manting (Nancy)).

Part I: Applications:

1. (a) Simplereturns: RA = exp(LA)-1, RB = exp(LB)-1, RC = exp(LC)-1
(b) mean(RB)
(c) cov(RA,RB)

)

(d) solve(cov(cbind(RA,RB,RC)))
2. (a) Compute parameters:

cip = 172711 = 0.9702,
e = 17371 = 0.03630,
cup = 7271 = 0.001608,
A = c11cy, — €}, = 0.0002422.

Set the target expected return as p* = 0.045, the variance-minimized portfolio is

we = A en I - e, BT e+ AN (03T - 0,3 )
= (—0.128,0.674,0.454)"

0. =\ wIXTw, =1.1223.

(b) The expected return and volatility of the overall MVP can be found by

The volatility is

1
Liminoar = 2 = 0.03741, and  Gminvar = ’/7 = 1/1.030715 = 1.0152.
11 11

c
The efficient frontier is the upper part of the minimum-variance set, that is:

1\ c
UZ(M*) = A_l C11 (/J'* - Cllljl) + Cp,p, - £

C11

= 4004.63 x (11x — 0.03741)% + 1.0307,  p, > 0.03741
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(d) LetMand Cdenotes the mean vector and covariance matrix respectively. Under no short-selling constraint, we
need to apply quadratic programming to solve for the optimal portfolio with expected return p1, = 0.045.
library(quadprog)

V1 = matrix(1,3,1)

VO = matrix(0,3,1)

Amat = cbind(M,V1,diag(3))

b0 = matrix(c(0.045,1,V0),3+2,1)
p = solve.QP(C, VO, Amat, b0, 2)
WO = p$solution

(e) Range of target return is constrained to [0.01,0.05]. This is because not allowing short sales in the assets
limits the set of feasible portfolios. It is not possible to invest in a portfolio with a lower expected return than
asset A and a higher expected return than asset C.

(f) The tangency portfolio is given by

A~

S tp-r1
wy = 2P 3589.0.8107,0.5481)7
Cipy — renn
Expected return: pipy = Gun T _ 0.05219,
Cly — TC11
Volatility: oy = & = 1.3805,
Cly — TC11

where 72 = (u — r1)TZ (e — r1) = 0.0005438.



3. (a) Cov(Ry, Ry) = Cov(wlp, wlp) = wgﬁ'wq = 0.867

o COV(RP,RJM) o wgﬁ:wj\i _ X
(b) By = == = == = 0.4199;

(c) The security market line:
pw=r+ (ur —7)B = 0.02 4 0.03228.

The beta for portfolio g and the three other assets are:

e
w: Dw
B, = —1 M — 0.1563,
OM
T3,
By = M — 03077,
oM
wTﬁ'wM
Bp = —25— = 0.4656,
oM
e
$
Bo = M (.9313,
OM

where w1 = (1,0,0)7, wy = (0,1,0), w3 = (0,0,1)T.

fip = whp =00335 and pg=w,p=0.025
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d) We have o, = {/wl 3w, = 1.5232
q q q

pg — 1  0.025—0.02

Sharpe ratio: oo 15232 = 0.003283
— .025 —0.02
Treynor ratio: /iqﬁp r_Y 00.51562 02 _ 0.0320



(e) The factor risk and non-systematic risk for portfolio p is:
* Factorrisk: $2073, = 0.3360;

* Non-systematic risk: wEpr - 630%4 = 1.2630 — 0.3360 = 0.9270.

Part II: Theory:
4.

(a) Var(R) = Var(w” ) = w’ Var(p)w = w’ ZTw
(b) From lecture notes,

o? () =

where
s =1"%"11
ccy = 17’y =p’s11
* Cupy = ,u,TZ)*l;L
* A=ciicuu — c%#

(c) Here we define the Maximum Expectation Portfolio (MEP).

i=1
Define Lagrangian as:

1
L(w7 )‘la >‘2) = wTy’ oy
By comparison, we have

XXX = w! ' Sw — 52

(d) Taking derivatives of Lagragian, we get

oL 1
o - S (Zw) + X1 =0
Jw v )\1( w) + Ao
oL 1 -
6—)\1:2—)\2(11)T2'w—0'2):O
1
L
%:wT1—1:0
2

From Eqr:

—Xw, = pu+ Al
A
Wy = )\12_1([1 + )\21)

(e) From Eq, consider:

_ _ 1
pfE b (1) pt's 1y —

A_l(cn,uz — 2¢1ppbx + Cpup)

_ Clp\2
A 1[011(/1* - J) +Cup —
c11

iRi) subject to Var(z wiR;) = &2
=1

n
and Zwi =1
i=1

(wI'Zw — %) + A (wl1 - 1)
2\

YYY =wl1 -1

1.
MTU}* + )\Q[JTZ_I]_ =cuyp— T H+ )\gcul =0
)\1 )\1



®3)

1 1
1t x () :1f2 - 711Tw* + X012 =, — T Aacip =0 (s)

From Eq4 and Eqs above,
1 ¢
R Clu + Aacit
A1
~ @
i = Ai(Cup + A2cip)
_ Cup Tt A2C1p
c1p + Aacin
where
* Cc11 = 1T2*11
*Cciy = 17’2 1y =p’'s11
. Cup = HTE_llL
(f) From Eq, consider:
T T L 7 7,23 o 1
w, X (1):w,p— —w, Tw, +ow, 1 = 01— —5"+X=0
A1 A1
— % = M (fi+ A2)
it A
C1p + A2c11
2\ A3
_ CGun T 2201 T 2500 (By substituting /1)

(c1 + A2ci1)?
(g) From (f),
52(Clu + )\2611)2 = Cup + 2X2c1, + )\gcu
Expanding the square and rearranging the terms, we can get the following quadratic equation:
c11(e116% = 1)A3 + 2c1,(c116 — 1) Az + (c1,6° — cuu) =0,

which can be used to solve for \s.

(h) Approach r:
From (e) we have .
Cup + A2C1p N Ay = Cupn — HCLu (6)

p= ~
Clu + A2c11 fic11 — C1y



From (f) we have

52 Cup + 2)\261# + )\%CH
(c1p + A2ci1)?

- ~ 2
Cup—pic Cup—jic
Cpp + 2 (7~““ K 1“) Ciy + <7~“M - 1”) C11

— HCu—cmc gl ficti—cip (by substituting (6))
(Clu + (M) c11)?

pfci1—cip

[Cw([‘cll - Clu)2 + 2(cpp — frerp)erp(fienn — eip) + (Cup — ﬂclu)%ll] /(ﬂcll - Clu)2

lexulfien = e1) + (eu — fiera)en]? [ (ien - 1,2

(cricun — C%y)(cllfﬂ — 2c1pft + Cup)

2
2
(Cllcuu - Clu)

e it = 2¢1uft + Cup

)
C11Cup — €1y,

The result here is the same as that in (b).

Approach 2:
Consider
C11(611&2 — 1) )\% + 201M(011&2 — 1) )\2 + (Ciua'2 — CMM) =0
—_———— —— —
a b c

—bEv/b%2—4ac
2a

Using quadratic formula x = , we obtain

N —2c1,(c116% — 1) £ /4A(c1162% — 1) _ o cw L [ A
2 2611(6115'2 — 1) C11 C11 6115'2 -1

_ 2
where A = ci1¢,, — f

e
From results in (e):

p Cup + A2C1y

c1u + A2cnn
o — Au 4 o A

/ A
+ c1162—1

A 52 —1 VA(c1162 -1
i Cp _ 2 g -4 (cr11o )

C11 C11 A C11




i ; — _ G 4 1 A
Using results from (f), Eq7, and consider g = stV o

o Cup+ 2Xoc1, + Aen
g 2
(c1p + A2cin)

2
Clu 1 A Cip 1 A

cuy +2 ——+ —\/——— |c - — _— —

. < ci1 en Voendg?— 1) tut ( c11 + ci1 V cp62 -1 1

A C%M 0115'2 —1
c11(en6? — 1) c11 A

A_l (CHA(01552 — 1) + A>
1 !

01152 —1
A

DA {611<ﬂ— CIJ)Q + Cup — C%M},

C11

which shows that the relationship between 52 and fi is the same as the relationship between o (p*) and p*

in (b).



